CLASSIFICATION OF MINIMAL ACTIONS OF A COMPACT 
KAC ALGEBRA WITH AMENABLE DUAL ON INJECTIVE 

FACTORS OF TYPE III 



TOSHIHIKO MASUDA 1 AND REIJI TOMATSU 2 - 3 

Abstract. We classify a certain class of minimal actions of a compact Kac 
algebra with amenable dual on injective factors of type III. Our main technical 
tools are the structural analysis of type III factors and the theory of canonical 
extension of endomorphisms introduced by Izumi. 



1. Introduction 

The purpose of this paper is to extend the classification result of [18] to type 
III case, that is, to show uniqueness of certain minimal actions of a compact Kac 
algebra with amenable dual on injective type III factors. 

On compact group actions on type III factors, there are some preceding works 
relevant with our work. The complete classification for compact abelian groups 
was obtained by Y. Kawahigashi and M. Takesaki [13]. The recent result due 
to M. Izumi [T2] is remarkable. Among other things, he showed the conjugacy 
result for certain minimal actions of compact groups. More precisely, if minimal 
actions of a compact group on type IIIo factors are faithful on the flow of weights 
and have the common Connes- Takesaki modules [5], then they are conjugate. 

In this paper, we classify minimal actions whose dual actions are approximately 
inner and centrally free, which can be regarded as the generalization of classifica- 
tion results for trivial invariant case in [13] . One should notice that these objects 
are different from Izumi's ones because minimal actions studied in [T2] are duals 
of free and centrally trivial actions. Our strategy is on the whole same as [18J, 
that is, we mainly handle actions of an amenable discrete Kac algebra G instead 
of a compact Kac algebra G, and obtain our main theorem through a duality 
argument [6]. It seems, however, difficult to generalize the argument in [18] to 
type III McDuff factors because of the lack of traces. 

We present a different approach for injective type III factors starting from the 
classification for type Hi case [18]. More precisely, we extend given actions of G on 
type III factors to larger von Neumann algebras, which are the crossed products 
by abelian group actions. Then we classify the composed actions of the extended 
actions of G and the dual actions. Splitting the dual actions and taking the 
partial crossed products, we show that all approximately inner and centrally free 
actions come from a free action on the injective type Hi factor. In these processes, 
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what play crucial roles are the structure analysis of type III factors [HI [26], Izumi's 
theory on canonical extension of endomorphisms [TJ] and the characterization of 
approximate innerness and central triviality of endomorphisms |19j . 
This paper is organized as follows. 

In §0 our main results and their applications are stated. 

In §[3l we prove the necessary results for the study in the later sections. In 
particular, the relative Rohlin theorem proved in §3.3l plays an important role for 
our model action splitting argument. 

In §H type case (0 < A < 1) is studied. Considering the discrete decom- 
position, we can reduce our problem to classifying actions of direct product of 
G and the integer group Z on the injective type IKo factor. Here, the Z-action 
has non-trivial Connes-Takesaki module, and the main theorem of [18] is not 
immediately applicable. However, we can show the model action splitting as in 
[2] that enables us to cancel the Connes-Takesaki module and to use the main 
theorem of [TS] . 

In §0 type III case is studied. We make use of the continuous decomposition, 
and represent a flow of weights as a flow built under a ceiling function. Then all 
things are reduced to the type II case as in [231 121] • We classify actions of the 
direct product of G and an AF ergodic groupoid on the injective type 11^ factor 
by using [T8] and Krieger's cohomology lemma |13j . 

In §H1 type IIIi case is studied. Following the line of Connes and Haagerup's 
theory of classification of injective factors of type IIIi [U [H], we consider the 
discrete decomposition of the type IIIa factor by the type IIIi factor. Then we 
classify actions of the direct product of G and the torus coming from the dual 
action by showing the model action splitting in §6.31 and 16.41 The key point here 
is approximate innerness of modular automorphisms. 

In §71 we prove some basic results on the canonical extension in order that 
readers can smoothly shift from theory of endomorphisms to that of actions of 
discrete Kac algebras. Most of them directly follow from [19] by making use of 
the notion of a Hilbert space in a von Neumann algebra [21 J. 
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2. Notations and Main theorem 

Throughout this paper, we treat only separable von Neumann algebras, except 
for ultraproduct von Neumann algebras. We freely use the notations in [18J. For 
example, G = (L°°(G),A,<p) denotes a discrete Kac algebra. Although some of 
our results are applicable to a general discrete Kac algebra, we always assume the 
amenability of G before §7J See [TB] and the references therein for the definition 
of a discrete (or compact) Kac algebra and its amenability. 
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For a von Neumann algebra M, we denote by U(M) the set of unitary elements 
in M. By W(M), we denote the set of faithful normal semifmite weights on M. 

By [3l [TEi HI [9] , injective type III factors are determined by their flow of weights. 
We denote by Jio, and CRoo the injective factor of type Hi, type 11^ , type 

IIIa (0 < A < 1) and type IIIi, respectively. 

Let M be a factor. For a finite dimensional Hilbert space K, let Moro(M, M® 
B(K)) be a set of all homomorphisms with finite index. When M is properly 
infinite, we can identify Moro(M, M ® B(K)) with Endo(M), the set of endo- 
morphisms of M with finite index. (See §71) By Tr^- and tr#, we denote the 
non-normalized trace and the normalized trace on B(K), respectively. 

2.1. Actions and cocycle actions 

We recall some definitions and notations used in [TB] for readers' convenience. 
Let M be a von Neumann algebra, a G Mor(M, M ® L°°(G)) and it G ?7(M 
L°°(G) ® L°°(G)). The pair (a, it) (or simply a) is called a cocycle action of G 
on M if the following holds: 

(1) (a ® id) o a = Ad u o (id ® A) o a; 

(2) (it ® l)(id®A ® id) (u) = a(it)(id® id®A)(it); 

(3) lt.,1 = Mi,. = I. 

Here, a (it) := [a® id® id) (it), which is one of our conventions frequently used 
in our paper, that is, we will omit id when the place where a acts is apparent. If 
u = 1, a is called an action. We introduce a left inverse $° : M ® B^H^) of 
qJtt for each 7r G Irr(G) as follows: 

$Z(x) = (1 ® I| )7r )i4 )7r a ff (x)^ j7r (l ® r W)7r ) for x G M ® 

Then $° is a faithful normal unital completely positive map with o = id.M 
[T8| Lemma 2.4]. In general, a left inverse of a n is not uniquely determined, but 
we only use the left inverse above. If M is a factor, then is standard, that 
is, the conditional expectation 0:^0$°: M ® B^H^) —>■ a n (M) is minimal (see 
Proposition l7.10l) . The other easy but useful remark is the fact that u is evaluated 
in (M a )' PI M, where M* := {x G M | a(x) = x ® 1} is a the fixed point algebra. 
This means that (a|(Af a )'nM ; w) is a cocycle action on (M a )' D M. 

2.2. Approximate innerness and central freeness 

We collect basic notions of homomorphisms and actions from |18j . 

Definition 2.1. Let M be a von Neumann algebra and a G Mor (M, M®B(K)) 
with the standard left inverse We say that 

(1) a is properly outer if there exists no non-zero element a G M ® B(K) 
such that a(x ® 1) = a(a;)a for any a; G M; 

(2) a is approximately inner if there exists a sequence {U v } v C U(M ®B(K)) 
such that 

lim || ® trjc) o Ad(U u )* - if o $ Q || = for all G M*; 

(3) a is centrally trivial if a QJ (x) = x ® 1 for all x G 

(4) a is centrally non-trivial if a is not centrally trivial; 
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(5) a is properly centrally non-trivial if there exists no non-zero element a G 
M <g> B{K) such that a w (x)a = {x ® I) a for all x G M w . 

Definition 2.2. Let a G Mor(M, M ® L°°(G)) be a cocycle action of G We say 
that 

(1) a is /ree if a n is properly outer for all 7r G Irr(G) \ {1}; 

(2) a is approximately inner if is approximately inner for all n G Irr(G); 

(3) a is centrally free if o;^ is properly centrally non-trivial for all n G Irr(G) \ 

{!}• 

Note the following fact. If a is a free action of G on a factor [T81 Definition 2.7], 
then is irreducible for each it G Irr(G) [HI Lemma 2.8]. If is irreducible, 
then central non-triviality is equivalent to properly central non-triviality [T8| 
Lemma 8.3]. Hence a free action a on a factor is centrally free if and only if a n 
is centrally non-trivial for each tt G Irr(G) \ {1}. 

2.3. Main theorem 

We recall the notion of the cocycle conjugacy for two (cocycle) actions. 

Definition 2.3. Let M and N be von Neumann algebras. Let a G Mor(M, M ® 
L°°(G)) and (3 G Mor(iV, N ® L°°(G)) be cocycle actions of G with 2-cocycles u 
and v , respectively. 

(1) a and /3 are said to be conjugate if there exists an isomorphism 9: M — > iV 
such that 

• a = (9~ 1 ® id) o /5 o 9; 

• u = (9~ l ® id®id)(u). 

We write a ~ (5 if a and (3 are conjugate. 

(2) a and (3 are said to be cocycle conjugate if there exist an isomorphism 
9: M —>N and w G C/(M ® L°°(G)) such that 

• Adwo« = (6» _1 g) id) o /3 o 0; 

• iwa(ty)«(id®A)(tw*) = ® id®id)(v). 
We write a ~ /3 if a and (3 are cocycle conjugate. 

When a is an action, t> G ?7(M<8)L 00 (G)) is called an a-cocycle if (t> <E> l)a(u) = 
(id®A)(t>). The following is the main theorem of this paper which asserts the 
uniqueness of approximate inner and centrally free action. 

Theorem 2.4. Let G be a compact Kac algebra with amenable dual, M an injec- 
tive factor, a an approximately inner and centrally free action of G on M, and 
q,(o) a j ree action of G on Ji . Then a is cocycle conjugate to idjM ®a^ ' . 

This implies the following in view of the duality theorem [6] Theorem IV. 3]. 

Theorem 2.5. Let G be a compact Kac algebra with amenable dual, M an in- 
jective factor, a a minimal action of G on M, and minimal action of G 

on OIq. If the dual action of a is approximately inner and centrally free, then a 
is cocycle conjugate to idjy/ ®a^°\ If a is a dual action, then a and id m are 
conjugate. 
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As a corollary, we obtain the following classification of minimal actions of 
compact Lie groups on R^. 



Corollary 2.6. Let G be a semisimple connected compact Lie group. Then any 
two minimal actions of G on 3^ are conjugate to each other. 

Proof. This follows from Theorem 12. 51 [19, Theorem 3.15, 4.12] and [T2], Corollary 
5.14]. □ 

Our main purpose is to prove Theorem 12.41 In [18, Theorem 7.1], we have 
proved that in type Hi case. The remaining cases are type 11^, IIIa (0 < A < 1), 
IIIo and IIIi. Type Hoc case is easily shown as follows. 



• Proof of Theorem \2.J\ for CR ,i- 

Let a be an approximately inner and centrally free action of G on 3^o,i- Let r 
be a normal trace on 3^o,i- Since a is approximately inner, we have ro$" = rC^tr^ 
for 7r G Irr(G) by Corollary 17.71 Hence r is invariant under a. 

Let {ejj}°° =1 C ^o,i be a system of matrix units with a finite projection en. 
Since (r ® tr 7r )(en ® 1) = (r <S> tr 7r )(a; 7r (eii)) for each n G Irr(G), we can take 
v G 3^o,i ® L°°(G) such that vv* = en <8> 1 and v*v = a(eu). Set a unitary 
V = X^i( e «i ® ^) va ( e u)- Then the perturbed cocycle action AdV o a fixes the 
type I factor B := {e^}"-. Therefore AdV o als'n^i i s an approximately inner 
and centrally free cocycle action on the injective type Hi factor B'n%)^. By [T8| 
Theorem 6.2], we can perturb Ad Voa|.B'n:Ro i to De an action. Then this action is 
cocycle conjugate to the model action a^°\ Therefore we have a ~ ids(^ 2 ) 0a^. 
Using a(°> ~ id^ ®a^°\ we obtain a ~ id^ 01 ®cr°). □ 



By Theorem 12.41 any two approximately inner and centrally free actions a and 
(3 on an injective factor M are cocycle conjugate. This can be more precisely 
stated as [18, Theorem 7.11. 



Theorem 2.7. Let M be an injective factor and G an amenable discrete Kac 
algebra. Let a and (3 be approximately inner and centrally free actions of G on 
M . Then there exists 9 G Int(M) and an a-cocycle v G M <S> L°°(G) such that 

Advoa = (9~ l ® id) o (3 o 9. 

Proof. Since M is injective, M is isomorphic to 01q <8> M. Fix an isomorphism 
* : M -> M <g> %. Let a (0) be a free action of G on & . Set 7 := (tf -1 ® 
id) o (idM <8)o;^ ^) o \1>, which is an approximately inner and centrally free action 
on M. By Theorem 12.41 we can take 9 G Aut(M) and an a-cocycle v such that 
Adv o a = (9q X ® id) o 7 o Q . To prove the theorem, it suffices to show the 
statement for (3 — 7. 

Set #1 := ^o^o^- 1 g Aut(M®R ). Note that the core of M <8> canonically 
coincides with M eg) $ - Since the module map mod: Aut(M) — > Autg(Z(M)) is 
surjective by [25], there exists 9 2 G Aut(M) such that mod(#i) = mod(# 2 (Eiid/j^). 
Set 9 3 := ^- 1 o(^ 2 ®id D?0 )o^ g Aut(M). Then 9^9 = o ® id^)^ o ^ 



implies mod(# 3 6*0) = id. Putting 9 := 9 3 9 , we have Adv oa = {9 1 ®id)o7 o9 
because #3 commutes with 7. Moreover 9 G Int(M) by [TJI Theorem 1(1)]. □ 

3. Preliminaries 

The results in this section are frequently used in the later sections. One of the 
most important results is the relative Rohlin theorem (Theorem 13. 13[) . 

3.1. Basic results on cocycle conjugacy 

Lemma 3.1. Let (a,u) be a cocycle action of & on a properly infinite von Neu- 
mann algebra M. Let H be a Hilbert space. Then (a, u) and (id mm ®a, 1 ® u) 
are cocycle conjugate. 

Proof. Take a Hilbert space "K C M with support 1 and the same dimension 
d < 00 as H [21]. Let {£j}f =1 be an orthonormal basis of "K. Then we have the 
isomorphism \1/ : B(H) <S> M — > M such that ^{e-ij <8> x) = C,iX^* for all x G M and 
i,j G N, where is a canonical system of matrix units of B(H). 

Define the unitary v := £)iLi(& ® l) a (£7 )• We check that \I/ and t> satisfy the 
statement. For x G M and «,j G N, we have 

Adv o a o *(ey <g> x) = = (& ® l)a(z)(£* ® 1) 

= <g> id) o (id <8>a) (e„ <g> x) . 

Hence (1) holds. On (2), we have 

(v ® l)a(v)u(id®A)(u*) 

d 

= ® 1 ® !)(«(£) ® 1) • («(0) ® !)«(«(£)) • «(id®A)(t;*) 

d 

= ® 1 ® l)u(id®A)(a(^))(id®A)(i;*) 

i=l 
d 

= J^(&® 1 ® l)w(^ t * ® 1® 1) = (*® id®id)(l <g>u). 

i=l 

□ 

Lemma 3.2. Lei (a,u) be a cocycle action on a properly infinite von Neumann 
algebra M. Then u is a coboundary. 

Proof. By the previous lemma, it suffices to prove that (id B , L 2(g)\ ®a, 1 ® u) can 
be perturbed to an action. Write a = id B , i2 /g^ ®c* and w = 1 ® u. Then we set a 

unitary u := W 31 u* 231 G 5(L 2 (G)) <g> M <8> L°°(G), where W G L°°(G) ® L°°(G) is 
the multiplicative unitary defined in [18j Section 2]. Using the 2-cocycle relation 
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of u and A(x) = W*(l ® x)W for x G L°°(G), we have 
v 12 30i(v)u(id ® id <g> A) (v* ) 

= W 31 u* 231 • W / " 4 ia(M*) 2 34i • M234 • (id® A <g> id)(«) 23 4i(A <g> id)(W r *) 34 i 
= W 3 i*4i ■ W41 («(«*) • («® 1) • (id® A ® id)(u)) (A ® id)(VT 



'341 



^31^*231 • W41 ((id <g> id (g) A) (u)) 2341 (A <g> id) (W 



! 341 



= ^3lW* 231 • ^4l(^ 3 >124W34) 2341 (A <g> id)(W*) 3 41 
= ^31^31 ■ Wkl • W 4 > 23 lW 41 • (A ® id) (^341 
= W31W41 • (A®id)(W*) 3 41 = 1. 

□ 

Next we discuss the cocycle conjugacy of extended actions. For definition of 
the canonical extension of a cocycle action, readers are referred to [12] and §3 

Lemma 3.3. Let a be an action of G on a properly infinite von Neumann algebra 
M. Then the second canonical extension a on M XgM. is cocycle conjugate to a. 

Proof. This is immediately obtained from Lemma [3. II and Corollary 17.151 □ 

We close this subsection with the following lemma. 

Lemma 3.4. Let G* be a discrete Kac algebra for each i — 1,2. Let a 1 and (3 1 
be actions of G' on von Neumann algebras M and N , respectively. Assume the 
following: 

• a 1 and a 2 commute; 

• f3 l and f3 2 commute; 

• The G 1 x G 2 actions a := (a 1 ®id) o« 2 and (3 := (/3 1 Cg> id) o /? 2 are cocycle 
conjugate. 

Then the action a 1 (resp. (3 1 ) extends to the action a 1 on M x a 2 G 2 (resp. /J 2 
on M x p2 G 2 ). Moreover, a 1 and (3 are cocycle conjugate. 

Proof. Let v be an a-cocycle and M — > iV be an isomorphism such that 
Adv o a = (^ ® id) o j3 o Set unitaries v l := v. m G M ® ^(G 1 ) and t> r : = 
t>i®. G M®L°°(G 2 ), which are a 1 -cocycle and a 2 -cocycle, respectively. Then we 
define an isomorphism 6: M xi Q 2 G 1 — >N x^a G 2 by Q(x) — (^ ® id)(w r x(w r )*). 
We set a unitary u := (a 2 ® id)(v') G (M x a 2 G 2 ) ® ^(G 1 ). Then u is an 
a -cocycle. By direct calculation, we have Adu o a 1 = (e-i id) o o e. □ 

3.2. Rohlin property 

See [TSJ Section 3] for notions of ultraproduct algebras and actions on them. 
First we recall the following definition [T51 Definition 3.4, 3.13]. 

Definition 3.5. Let 7 G Mor(M w , M w ® L°°(G)) be an action of G. We say that 
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(1) 7 is strongly free when for any 7r G Irr(G) \ {1} and any countably 
generated von Neumann subalgebra S C M w , there exists no non-zero 
a6l u 8 B(H W ) such that 7 7r (x)a = a(x <g> 1) for all x G 5" fl M w . 

(2) 7 is semi-liftable when for any 7r G Irr(G), there exist elements f3 v ,(3 G 
Mor (M, M®B(H n )), ueN, such that /3" converges to (3 and 7, r ((x'%) = 
{(3 u {x u )) u for all G M u . 

Note that a cocycle action a G Mor(M, M®L°°(G)) is centrally free if and only 
if is strongly free [T8j Lemma 8.2]. For {x u ) v G M", we set t u (x) := lim x 1 '. 

Then : M w ->M is a faithful normal conditional expectation. 

Definition 3.6. Let G be an amenable discrete Kac algebra and 7 G 
Mor(M aJ , M^®L°°(G)) an action. We say that 7 has the Rohlin property when for 
any central F G Projf (L°°(G)), S > 0, (F, <5)-invariant central if G Projf (L°°(G)) 
with K > ei, any countable subset S* C M w and any faithful state G M*, there 
exists a projection F G M w ® £°°(G) such that 

(Rl) E is supported over F, that is, E — E(l g) K); 
(R2) F almost intertwines 7 and A in the following sense: 

\1f{E) - (id® F A)(F)|^ ^ < 55 1/2 |F|^; 
(R3) F gives a copy of L°°(G)F, that is, if we decompose E as 

7resupp(J<") i,je/^ 

then, for all i, j G 1^, k,£ & I p and 7T, p G supp(F), we have 

R R =5 5-uE 

(R4) (id®<^)(F) eS'nl, for any vr G supp(F); 

(R5) E gives a partition of unity of S' fl M u , that is, (id®<p)(F) = 1. 

The above projection E is called a Rohlin projection. 

Definition 3.7. Let 7 G Mor(AF\ <g>L°°(G)) be an action. Assume that M u 
is globally invariant under 7 and 7|m^ has the Rohlin property. We say that 7 
has the joint Rohlin property when for any F G Projf (L°°(G)), 5 > 0, (F, <5)- 
invariant central if G Projf (L°°(G)) with K > e%, any countable set S C 
and any countable family of 7-cocycles C which are evaluated in M w , there exists 
a projection F G M w <g> L°°(G) such that 

(51) E satisfies (Rl), (R2), (R3), (R4) and (R5); 

(52) For any v G C, a projection tFt>* also satisfies (R3); 

(53) For any v G C and 7r G supp(F), we have (id &np n )(vEv*) = (id<g><p n )(E). 

Lemma 3.8. 1/7 /ias the joint Rohlin property and E is a projection as above, 
then the element (id ®ip){vE) is a unitary for all v G C. 
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Proof. Set fi := (id®cp)(vE) and E' := vEv*. Then, 

/' Y Y r -, / -^ Y Y E k^- 

Trelrr(G) i,jeln 7reIrr(G) 

Using (R3) for E and E', we can check jiji* = 1 = /i*fj, as follows, 

w*= Y Y v *iJ E ^i E kt v k*= Y Y v «i* E *i* 

Trelrr(G) i,j,k,(el-n TrGlrr(G) i,j,kel* 

= (id®<p)(E') = 1, 



and 



Trelrr(G) i,j,k,e£ln Trelrr(G) j,k,eeU 

= (id®ip)(v*E'v) = (id ®(p)(E) = 1. 



□ 



Such an element (id ®ip) (vE) is called a Shapiro unitary. 

Let G 1 := G = (L°°(G),A), G 2 = (L°°(G 2 ),A 2 ) be amenable discrete Kac 
algebras with the invariant weights ip 1 := ip and ip 2 , respectively. The product 
Kac algebra G x G 2 is naturally constructed. The invariant weight and the 
coproduct are denoted by <p = y?g x g2 an< ^ ^ = ^gxg 2 > respectively. 

Lemma 3.9. Take (Fi, 5 i) -invariant central projection K- L G L co (G t ) for i — 1,2, 
respectively. Then Ki ® K 2 is (F 1 ® F 2 , Si + 5 2 ) -invariant. 

Proof. 

|(Fi <g> F 2 ® 1 <g> 1)A(X 1 <g> F/ 2 ) -F 1 ®F 2 ®K 1 ® K 2 \ 
<\(F 1 ®F 2 ®1® 1)A(X 1 <g> X 2 ) - (Fx ® F 2 ® F x ® i)A 2 (F 2 ) 24 U^ 

+ |(Fi <g> F 2 <g> ATi <g> 1)A 2 (K 2 ) 24 - F 1 ® F 2 ® K x ® K 2 \&& 
= | (Fx <g> 1)A(F: 1 ) - (F x <g> #i)| vW |(F 2 <g> 1)A 2 (F 2 )|^ W 

+ |(F 2 <g> 1)A 2 (F 2 ) - (F 2 ^F^I^^IF <g> 
< (5i + 5 2 )|Fx <g> F 2 |^|F/ 1 <g> F 2 |^. 



□ 



The following elementary lemma is useful. 



Lemma 3.10. Let P, Q be von Neumann algebras. Let G F* and ■?/> G 
be faithful positive functionals, respectively. Let X,Y G P ® Q be given. If 
X G (F ® Q)<t>®ip, then one has 

|(id<g>^)(yX)| < ||F|||X 
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Proof. Let (id<g>ip)(YX) = w\(id®ip)(YX)\ be the polar decomposition. Since 
X commutes with ® ip, we have 

\(id®&)(YX)\4 = <l>(w m (id<&l>)(YX)) = (</>®i>)((w*®l)YX) 

□ 



3.3. Relative Rohlin theorem 

Throughout this subsection, we are given the following: 

(Al) A von Neumann algebra M; 

(A2) A G-action 7 1 on and a G 2 -action j 2 on M u , and they are commuting; 
(A3) The G x G 2 -action 7 := (7 1 ® id) o 7 2 is strongly free and semi-liftable; 
(A4) M u is globally invariant under 7; 

(A5) r w o $J r)p) = r w ® tr^®tr p on M u <g> B(H {n>p) ) for all (vr,p) G Irr(G) x 
Irr(G 2 ).' 

The assumption (A3) restricts not only 7 but also M u . For example, M w = C 
is excluded. When M is a factor, (A5) automatically holds. Indeed by semi- 
liftability, we can take {I3 U ) U , a sequence of homomorphisms on M converging to 
(5 and defining J( n ,p), that is, 7( 7 r,p)( a; ) = (P u ( x ))u for x = (x u ) v G M w . Then by 
[T51 Lemma 3.3], we obtain r w o ijT p) = ^ o (r w ® id) on M u <g> B{H^ p) ). Since 
M is a factor, t"\m u is a trace. Hence for x G M w and y G B{H^^), we have 

r w o $7 } (a: <g> y) = & o (r w <g> id) (a: ®y) = r w (x)$ /3 (l <g> y) 

= T"{x)T"{®l p) {l®y)) = T"(x)(tT n ®tr p )(y). 

This shows r w o $7 ^ = t u ® tr^ (g> tr p as desired. 

Our aim is to prove the relative Rohlin theorem which assures that a Rohlin 
projection for 7 1 can be evaluated in MJ . 

Let us take Fi, Ki and 5{ for i — 1, 2 as in Lemma 13.91 We may assume that 
Ki > ei for each % (see [HI §2.3]). Set F = F x <g>F 2 , 5 = Si + 6 2 and K = K X ®K 2 . 
Set X* = supp(A'j) for each i and % = supp(i^) = %± x % 2 . We fix a faithful 
state G M* and set ip :— <f) o t". Let C be a countable family of 7 1 -cocycles. 
Let S C M 1 ^ and T C (M w ) 7 a countably generated von Neumann subalgebras. 
For a projection E G M u £g> L°°(G x G 2 ), we denote by E the sliced element 
(id® id ®<£ 2 )(E). 

Define the set d consisting of projections in (T" fl MJ) ® L°°(G x G 2 )2f such 
that E G # if and only if 22 satisfies (Rl), (R3) and (R4) and, in addition, E 
satisfies (S2) and (S3) for C. Since G 3, d is non-empty. Define the following 
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functions a, 6, c and d from 2) to M + : 



oe = I-FI/^fCE) - (id® F A)(E)|^^; 

b E — \E\^^] 

ce = I -?2 1 "2 1 1 7^2 (^) 132 — E ® F 2 l^pi g^i ; 

d E = {Fil^hniE) ~ (id®FiAe®id)(£7)|^ l8 ^. 

Lemma 3.11. Lei E E fl. Assume that b E < 1 — S 1 ^ 2 . Then there exists E' <E d 
such that 

(1) a E/ -a E <36 l / 2 (b E/ -b E ); 

(2) < (6V 2 /2)\E' - E\^ m < b E , - b E ; 

(3) c E < - c E < 4Sl /2 (b E ' - b E ); 

(4) d EI -d E <35l /2 (b E ,-b E ). 

Proof. Our proof is similar to the one presented in [2D]. We may assume that S 
contains T and the matrix entries of all v G C, and that 5 is globally 7-invariant. 
We add the matrix entries of E to S and denote the new countably generated 
von Neumann algebra by S. Again we may and do assume that S is globally 
7-invariant. Take 8 S > such that b E < (1 — 5 S )(1 — S 1 ^ 2 ). 

Recall our assumptions (AS]) and (AUJ). Then by [TBI Lemma 5.3], there is a 
partition of unity {ej}f =0 C S' fl M w such that 

(1) |e |</, < <5 3 ; 

(2) (e ( ® 1^ ® l p )7( w ,p)(ei) = for all 1 < z < g and (vr, p) G 3C • X \ {1}. 

Set a projection /j := (id®(^)(7^(ej)) G 5" fl M u . We claim that at least one i 
with 1 < i < q satisfies \E(fi ® 1 ® l)|^<g^ < (1 — 5 1 / 2 )! Since 

1®1)U®^ 

= (^^)W<®i)) 

= V((id®£)(S)(id ®^)(7A-(ei))) 

= ^ ^^^((id®^^)^^®^®^)) 
(7r,p)eK 

= ^ rf(7r) 2 rf(p) 2 ^($^ ) (7(w,p)((id^)( J E;))(e l ®W®V))) 
(7r,p)eac 

= ^ d(7r) 2 d(p) 2 (^®tr^®tr 77 )(7 ( ^ ) ((id®(p)( J E))(e i ® l^®lp)) 
(7r,p)eK 

= (V> ® ^)(7x((id®^)( J E))(e i ® 1 ® 1)), 
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we have the following: 

q 

W* ® 1 ® = (V> ® ^)(7g<(id®0)(-S))(4 ® 1 ® !)) 

i=l 

< (V ® <^)(7x((id^)(^))) = ® <P)(.E) 

= b E \K\ q> 

<(1-5 3 )(1-5 1/2 )|^. 

If ^(/i ® 1 ® 1)|^ > (1 - 5 l / 2 )\fi\^= (1 - ^le^li^l^) for all 1 < i < q, 
then we have 

(l-6^)\e^\K\f<(l-6 3 )(l-5^)\K\z. 
This is a contradiction with \eo\f < 63. Hence there exists such that \E(fi ® 
1 ® 1)|^ < (1 - 5 1/2 )|/^. Set e := e< and / := (id ®^)( 7x (e)) G S' D M w . 
Define the projection E' e ® L°°(G x G 2 ) by 

£' = E(/ ± ®1® l)+ 7x (e). 

Since T C (ilT)^ and e G S" fl M u , E' G (T' n MJ) ® L°°(G x G 2 )K. Then £" 
satisfies (Rl), (R3) and (R4) by [TU Lemma 5.7]. We have to check E' satisfies 
(S2) and (S3). Set a projection e' = (id ®</? 2 ) (^(e)) G S" fl Af w . If we show 
(e'®l)7*(e') = for each 7r G X -3C then we are immediately done in view 

of [HI Lemma 5.7]. This is verified as follows. First we compute the following: 
for 7T G IX 1 • % 1 \ {1} and p G % 2 , 

(e ® 1 ® l)7|(7^(e')) = (e ® 1 ® l)7^((id^ 2 )(7^(e)))) 

= ( id ® id ® id ®^)((e ® 1 ® 1 ® l)7|(7^(7'(e)))) 

= (id ® id ® id ®^)((e ® 1 ® 1 ® 1)7^(7^ (7p(e)))) 
= 0, 

where we have used the starting condition for e. Using this, we get 
(e ® iH(e') = ((id^ 2 )( 7 ^(e)) ® lH(e') 

= £ %) 2 (^ 2 ® id)((e ® 1 ® l)7|(7^(e'))) 
= 0. 

Therefore E' satisfies (S2) and (S3), which means E' G 3. 
Next we estimate &#/ as follows: 

&£' -6b = (iJ®£)(E'-E) 

= (V> ® <f)(-E(f ® 1 ® 1) + 7x(e)) 

>-(l-5 1 / 2 )|/U + |/U = 5 1 / 2 |/^. 
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Hence 

8 l,2 \fU<b E ,-b E . (3.1) 

We check the inequalities in the statements. The first, the second and the 
fourth ones are derived in a similar way to the proof of [T8l Lemma 5.11]. We 
only present a proof for the third one. Since 

1f 2 {E') 132 - E' ® F 2 



+ (7f 2 (£)is2 -(E® F 2 ))(f ± ® 1 ® F : 



2j 



+ 7 ^ ((id ® id ®y? 2 )((id ® A 2 ) (7 2 (e))(l ® F 2 ® AT 2 ))) 
-7^((id®id^ 2 )((id®A 2 )( 7 | 2 (e))(l®F 2 ®l))), 

we have 

17^(^)132-^®^!^ 

< |7l 2 (F)i 32 (7l 2 (/)i - / X ® 1 ® ^)|« (3.2) 

+ |(7f 2 (^)i32 - (E ® F 2 ))(/ x ® 1 ® F 2 )|^ (3.3) 

+ | 7 ], i ((id®id^ 2 )((id®A 2 )(7 2 <2± ( e ))(l®F 2 ®ir 2 )))|^ (3.4) 

+ | 7 ], i ((id®id®^ 2 )((id®A 2 )(7^(e))(l®F 2 ®ir 2 ± )))|^. (3.5) 
Then we have the following estimates: 

O < c E , and dS3D, dS3D < 5 2 \F 2 \^\f\^. 

On (13 .2p . we have 

= (^ ® ^)(7| 2 (i)i 32 |7F 2 (/)i3 - / ® 1 ® F 2 |) 

= (V ® ^ 2 )(7l 2 ((id®^)(F)|7l 2 (/) - / ® F a |)) 

< ^ ® V 2 ){\l 2 F2 {f) - f ® F 2 \) 

< ( V ® ^ 2 ) ( | (id ®</? 1 ® id ®^ 2 ) o 7 ^ t ( (id ® F2 A 2 ^ ) (7^ (e) ) ) | ) 
+ (V> ® ^(Kid®^ 1 ® id®^ 2 ) o7^ i ((id® F2 A^x)( 7 ^ 2 (e)))|) 

< 5 2 |i^i| v i |F 2 | V 2 \K 2 \p2 |e|y, + (J2 l-^i 1-^2^2 1.K2 1^,2 |e|^ 

= 2^1^1^1/1^. 

By using (13. ip . we have 

c E > < c E + 4<J 2 |/U < ce + 4<5 2 1/2 (6^ - 6s). 

□ 

Thus we obtain the following as [TH Theorem 5.9]. 

Lemma 3.12. Let 7 = (7 1 ® id) o j 2 , F, K , S, T and C be as before. Then the 
following statements hold: 

(1) 7 has the Rohlin property; 
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(2) In the setting of Definition ^. 7\ for G x G 2 , we can take a Rohlin projection 
E from (V n M u ) ® L°°(G x G opp ) such that E satisfies (SI), (S2) and 
(S3) for 6 and 

|7£ 2 (.£) 132 -E® F 2 \^ ip i < 55l /2 \F 2 \ {f 2; 

\^ Fl (E) - (id® Fl A®id)(E)|^i^ < 56 1 1 /2 \F 1 \ v> i. 

Our main theorem in this subsection is the following. 

Theorem 3.13 (Relative Rohlin theorem). Let M be a von Neumann algebra 
and 7 = (7 1 ® id) o 7 2 an action 0/GxG 2 on M w such that 

• The G-action 7 1 on M w commutes with the G 2 -action 7 2 on M u ; 

• The G x G 2 -action 7 := (7 1 <g> id) o 7 2 is strongly free and semi-lif table; 

• is globally invariant under 7/ 

• r w o $jT 3 = r w <g> tr^ ®tr p on M w ® B(H {7T , p) ) for all (vr,p) G Irr(G) x 
Irr(G 2 ).' 

TTien 7 1 /ias t/ie joint Rohlin property. Moreover, for any countably generated von 
Neumann subalgebra T C (M w ) 7 ; 7 1 has a Rohlin projection E G (X" D MJ ) ® 
L°°(G) satisfying (SI), (S2) and (S3). 

Proof. Let Fj, and <5j (i = 1, 2) be given as before. Take a Rohlin projection 
E G (T" fl M w ) ® L°°(G x G 2 ) supported over K\ ® K 2 as in the previous lemma. 
Then we have 

|7 2 2 (E) 132 - E ® F 2 |^i < 5<jJ /2 |FaU; (3-6) 
| 7fi (£) - (id® Fl A<g)id)(£)|^i^ < B^lFiU 1 - (3-7) 

We set E = (id® id ®ip 2 )(E). By (R3), E gives a partition of unity by matrix 
elements along with K\. We estimate the equivariance of E with respect to 7 1 . 

\ lFi (E)-(id® Fl A)(E)\ 

= |(id<g>id<g>id<8>y> 2 )(7 Fl (.E7) - (id® Fl A ® id)(£))|^i^i 

i/)®^ 1 ®^ (by Lemma 13TXJJ) 

Zeg5<yJ /2 |i?i| yl (by dS2D). 

Take an increasing sequence {/^(n)}^ C Projf (Z(L°°(G 2 ))) with F 2 (n) — > 1 
strongly as n — > 00. Next we take 62(11) > such that (^(n) 1 ' 2 ^ (71)^2 — > 
as n — > 00. Take a sequence of Rohlin projections {E(n)} n satisfying the above 
inequalities (13.61) and (13. 7p for F 2 (n) and 6 2 (n). By using the index selection 
trick [T8J Lemma 3.11] for (E(n)) n G £°°(M, M u ), we obtain a Rohlin projection 
Ei G (T" n MJ 2 ) ® L°°(G) supported on ^ such that 

17^(^0 - (id^A)^)!^!^! < 56 1 / 2 . 

□ 
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Corollary 3.14 (Rohlin theorem). Let M be a von Neumann algebra and 7 an 
action of G on M w . Assume the following: 

• 7 is strongly free and semiliftable; 

• is globally invariant under 7/ 

• T w o §1 = T W <g> tiv on M w ® B(H n ) /or a// vr G Irr(G). 

Then 

(1) 7 /ias the joint Rohlin property; 

(2) For any countably generated von Neumann subalgebra T C (M^) 7 , 7 /ias 
a iMZin projection E G (T' n Af w ) ® L°°(G) satisfying (SI), (S2) and 
(S3); 

(3) 7 zs stable on M u , that is, for any ^-cocycle v G M^ 3 ®L°°{Q), there exists 
a unitary jj G M u such that v = (ji <g> lh(/i*). Ifv^M u ® L°°(G) ; f/ien 
/i can 6e taken from M w . 

Proof. In the previous theorem, we put G 2 = {1}. Then (1) and (2) hold. 

(3) Let {F U } U £N C L°°(G) be an increasing family of finitely supported central 
projections such that F u — > 1 strongly as v — > 00. For each u, take an (F u , 1/V)- 
invariant finite projection K v G L°°(G) with e t < K u . Let E v G M w <g> L°°(G) be 
a Rohlin projection satisfying (SI), (S2) and (S3) for a faithful state ^ = <poT u G 
(M"-%, F„, and 1/z/ 2 . Then we get the Shapiro unitary \i v = (id (B)ip)(vE u ), 
and we have 

= (id®id®<^)((f ® l)7^(wE I/ )) - (id®id®<p)((id® Fv A)(vE u )) 

= (id®id®<p)((id® Fv A)(v)7 Fv (E v )) - (id® id®y?)((id® Fj/ A)(n^)) 

= (id®id^)((id® Fl/ A)( W )(7^(^) - (id® Fv A)(E v ))). 

Since the element ^f v (E v ) — {id®F v A)(E v )) is in the centralizer of ip ® ip (g> </?, 
we can use Lemma I3.10[ and we get 

I^OO - A*" ® F vU®tp < \1fAE") ~ (id®^A)(^)|^ 0¥ , 

< 5/x/. 

By using the index selection map for (//*% G £°°(N, M w ), we get // G M w such 
that t>7(/i) = /i ® 1. When u is evaluated in M w , each /i v is in and so is /i 
by the property of the index selection map. □ 

Corollary 3.15. Let M be a von Neumann algebra, 7 an action of G on 
and G Aut(M^). Regard 6 as an action of 'Z on M w . Assume the following: 

• 6 commutes with 7; 

• The G x Z-action 7 o 9 is strongly free and semi-lif table; 

• M u is globally invariant under 7 o 6; 

• T " o = on M w and o $ 7 = T u ® tr ff on M w ® 5(i7 7r ) for all 
7T G Irr(G). 
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Then for any n > and any countably generated von Neumann subalgebra T C 
(M7 9 , there exists a partition of unity {E^Iq C T H MJ snc/i tfiat 6>(£ 4 ) = 
£?i + i, w/iere E n = E . 

Proof. For m > 0, set 5 m = 2/nm and 3C m := {0, 1,2, nm — 1}. Then 3C m is 
({1}, <5 m ) -invariant subset of Z. By Theorem 13.131 we have a partition of unity 

{F-} ie3Cm in MJ such that E"™" 2 I^O^T) - < 5tfL For < i < n - 1, 

set i^f 1 := X^fe^To 1 Fkn+i- Then for < i < n — 2, we have 

m— 1 

l^(^ m ) — ^i+lU < ^ l^(-^W-t) — ^fen+i+lU < 
fc=0 

By applying the index selection trick to {E™}™ =1 , < i < n — 1, we get = 
.Ei+i for < i < n — 2. Then 6(E n -i) = Eq follows automatically □ 

Recall the following result [T8J Lemma 4.3]. The statement is slightly strength- 
ened here, but the same proof is applicable if we replace M u with A 1 fl M u . Note 
that A' fl is of type Hi for any countably generated von Neumann subalgebra 
A C M" when M u is of type Hi. 

Theorem 3.16 (2-cohomology vanishing). Let M be a von Neumann algebra 
such that Mu is of type Let A C M w be a countably generated von Neumann 
subalgebra. Let (7, w) be a cocycle action of G on M". Assume the following: 

• A' H M^j is globally invariant under 7/ 

• we(A'n Mu) ® L°°(G) ® L°°(G); 

• 7 is of the form 7 = AdU o w/jere [/ G £/(M w ® L°°(G)) and /3 € 
Mor(.\/~'. .U~ <g> L°°(G)) zs semi-lif table. 

Then the 2-cocycle w is a coboundary in A' fl M^. 

Corollary 3.17. Let 7 be a strongly free and semi-liftable action of G on Mu- 
Let S C (M w ) 7 is countably generated von Neumann subalgebra. If M w is of type 
Hi, then the von Neumann algebra S' fl MJ is also of type Hi. 

Proof. Let J be a finite index set. Since S' fl M w is of type we can take 
a system of matrix units {etj}ijeJ m ^ Let 7r G Irr(G). Let Q be a 

finite dimensional subfactor generated by {eij}jj e j. Take an index i G J. Since 
{lTr( e i,j)}i,jei an d { e i,j® l7r}i,je/ are systems of matrix units in (S'nMu)<S>B(H 7r ), 
and 77r(ei 0i j ) are equivalent. Hence there exists v n G (S' C\ Mu) (B) B(H n ) 
such that ei 0i j (g) 1^ = f^f* and ■y n (ei (h i ) = v*v n . Set the unitary 

Vtt = 2j(ej,i <g> I7r)f7r77r(ej ,i). 

Then ^ is satisfying v^^e^v* = e^j ® 1. Setting v = (v^)^ G M w ® L°°(G), 
we have 

V7(x){;* = x <S> 1 for all x G Q. 
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Hence the map Adv o 7 is a cocycle action on Q' D (S 1 fl MJ). Using the previous 
2-cohomology vanishing result for Q' fl (S' fl Mj), we obtain a unitary w G 
(Q' fl (5" PI M w )) ® L°°(G) such that wv is an 7-cocycle. Now we have 

wv'-f (x)v* w* — x ® 1 for all x £ Q. 

Since 7 has the joint Rohlin property, the action j\m u is stable by Corollary 
13.141 Hence the M^-valued 7-cocycle wv is of the form wv = (is* ® l)^y (is) where 
v G U(S'nM u ). This implies that a subfactor isQrs* is fixed by 7. Hence 5"flMJ 
contains a subfactor with arbitrary finite dimension, and it is of type IIx- □ 

3.4. Approximately inner actions 

Let M be a von Neumann algebra, G an amenable discrete Kac algebra and 
T a discrete amenable group with the neutral element e. In this subsection, we 
study the following situation: 

• We are given two actions a G Mor(M, M (g) L°°(G)), 9: r->Aut(M) and 
unitaries (v g ) geV e U(M ® L°°(G)) such that 

(Qg ® id) o a o 0- 1 = Adf* o a; 

• M w is of type Hi and Z(M) C M e - 

• (v g ) ge r is a (9 <S> id)-cocycle; 

• v* is an a-cocycle for each g G T; 

• a is approximately inner; 

• is properly centrally non-trivial for each (71*, g) G Irr(G) xT \ (l,e). 
Take U% e U(M ®B(H n )) for z/ G N such that Ad f7£ converges to a n for each 

7T G Irr(G). Set U := (U v ) v G M w ® L°°(G) where U n := (U») u G M w g> B(/T ff ). 
Then a = Ad [/ on M. Our first task is to replace {7 with a new one which well 
behaves to the action 9" . 

Lemma 3.18. For each tx G Irr(G) and g G T, the sequence (v g (9 g (g> id)(U%)) v 
approximates a n . In particular, U*v g (9g ® id.) (?/) G M w ® L°°(G). 

Proo/. Take G M*. We verify that (<p <g> tr^) o Ad(# 9 ® id)((L^)*)t>* converges 
to o as follows: 

lim (0 ® tr ff ) o Ad(# 9 <g> id)((E/£)>! 

= Jim ® id)K)[/;(0 o 9 g ® tr 7r )(^)*(^ 1 ® id)(«P) o ® id) 

= ((tf; 1 ® id)(^)(0 o # g o <^)(^ ® id)(^)) o (9- 1 ® id) 

= ^oV$"° ® id))«* = « 3 (^o $f ^°>* 
= ^(0o$>Ad^ = 0o$«. 

The latter statement follows from [TH Lemma 3.6]. □ 

Lemma 3.19. There existsu G U(M UJ ®L 00 (G)) such that v g (9^ ® id) (Uu) = Uu. 
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Proof. Since the T-action 9" is strongly free, it has the joint Rohlin property. 
Let S C M w be a von Neumann subalgebra generated by all matrix entries of 
{9g ®id)(t/) and v g for all g G V. Let F C V be a finite subset and S > 0. Since T is 
amenable, there exists a finite subset ifcT such that ^2 ge p \gKAK\ < S\F\\K\. 
Fix a faithful state <fi G M* and set ip := ° ra; - Take a Rohlin projection 
(£ g ) gG r C (5"nM w ) such that E g = 0iorg<£K and 5] ter |0£(^)-£ s ^ < 55 1 / 2 . 

Define u G Af w ® Ir°°(G) by u = £ fceJ r ^Uk(0£®id)(l7)(.E*®l). By the previous 
lemma, u is in M w ® L°°(G). Then it is easy to see that it is a unitary element, 
and for g G -F we have 

t/X(^®id)(C/).(^(8id)( W ) 

= tT^ ® id)(C7) ® id)(t/*)(0 s ® id)(^)(^ fc ® id)(tO(^(JB fc ) (8 1) 

= E ^«p*W* ® id)(f/)(^(^) ® 1) 

= E U * v 9k(PZk ® ^)(U)((0 g (E k ) - E gk ) ® 1) + E U *M8? ® id)([/)(^ ® 1). 
keif tegK 

Take a partial isometry w g G M w ® L°°(G) such that 

|t/%(0£ ® id) (CO ■ (0£ ® id) (it) - «| = w* g {U*v g {r g ® id)(t/)(0£ ® id)(«) - u). 
Let x G L°°(G)* be a faithful state. Then we have 
\U*v g (6% ® id) (CO • (0£ ® id)(u) - «U X 
= E^ ® X) {™* g U*v gk (9« k ® id)(tO((^(S») - £ gfc ) ® 1)) 



- E (v®x)«t/X^®id)(t/)(^®i)). 

eeK\gK 

Since G (M u )^,, we can use Lemma [3.101 and we have 

1 432) | < J] |0£(£ fc ) ® 1 - E gk ® l|^ x < 55 1 / 2 

By the assumption of i^, we have 

irai< X \EiU< E 

l£K\gK ieKAgK 



(3-8) 
(3.9) 



E^-E** = E^ 



^(^ fc - ^(J5 fc )) < X |£, fc - ff£{E k )\ < 55^. 



keK 



fcer 



Hence we have 



\U*v g (fff ® id)(t/) ■ (0" ® id) (it) - < 105 1 / 2 . 



(3.10) 
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For each v G N, take u v e M u ® 7°°(G) satisfying flXTUj) for 5 = 1/za Take an 
increasing sequence F„ <e T with U^Li 7^ = T. Applying the index selection trick 
to we get m G M w ® 7°°(G) with U*v g (9% ® id)(Uu) = u for all g" G T. □ 

Replacing [/ with [Tit, we may assume that U = (U v ) v also satisfies 

v g (9»®id)(U) = U. 

As in |18j . we consider the cocycle actions 7 _1 = AdU* o and 7 = AdU* on 
M w . Their 2-cocycles w _1 and w° are given by 

w- 1 = (u* ® l)o w (CT)(id®A)(?7), u>° = (CT <g> l)£/* 3 (id®A opp )(£7). 

Here note that 7 _1 and 7 are cocycle actions of G and G opp , respectively. 

Lemma 3.20. In the above setting, 7 -1 and 7 are cocycle actions on . 

Proof. First, we show that 7 _1 and 7 commute with 9 U . Using v g (&£ ®id)(£7) = 
U, we have ®id)o7~ 1 = ^~ 1 o9 g J . This equality holds on M u , and in particular, 
7 _1 commutes with 9 U on M w . 

Let x G M w . Since v g commutes with 9g(x) (g> 1, we have 

(0? ® id)( 7 °(a;)) = U*v a {fi(x) ® l)t£tf = £/*(^(z) ® 1)17 = T °(W). 

Hence 7 also commutes with W . 

Second, we check that the 2-cocycles w -1 and w° are evaluated in . Since 
f * is an a-cocycle, we have 

(0£ ® id®id)(«r 1 ) = ((0£ ® id)(tT) ® 1) • (0£ ® id®id)(a" J ([/*)) • (0£ ® A)(C/) 
= (C/* ® l)(v p ® 1) ■ 0* ® 1)K((0 9 ® id)(l/*)))(v p ® 1) 

• (id®A)(^[/) 
= (IT* ® l)a w (I7X)(t; fl ® l)(id®A)(^)(id®A)([/) 
= w~\ 

and 

(0£®id®id)(> ) = (0£®id)(C/*® 1)- (0£®id)([/*) 13 - (0£® A opp )(f/) 
= (U* ® 1)(^ ® 1) • C/r 3 (Oi3 • (id®A° pp )(^) 
= (IT ® l)C/* 3 a(^) 1 32(^) 1 3(id®A)(^) 1 32(id®A opp )(i7) 

□ 

Define the cocycle action 7 of G x G opp on M w by 7 := (7- 1 ® id) o 7 . Its 
2-cocycle w is given by 

w := ^2^(^)i23« w (f/r 2 ^(^))i245(id®Ag x g opp )(a-([/)f/ 12 ). 

By direct computation, we have 

W = 7" 1 (w° 23 ( W] ; 3 1 2 )*) 1 234Wr2 1 4( id ® A ® id®id)(7 _1 (u7°))i2435- 

Hence u> is evaluated in M^ w , that is, 7 is a cocycle action on M d j . 
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Then we apply Theorem EH] to 7 and get c G M e j <g> L°°(G x G opp ) such that 

Ci237(c)Mid<g>Ag xgopp )(c*) = 1. 

Here we note that the proof of [TBI Lemma 4.3] works in our case by replacing 
M u with M 6 J . Also note that M e j is of type Hi. 

Set the unitaries c l := c.^i and c r := ci®. in M e j ® L°°(G). Then the proof 
similar to that of [THJ Lemma 4.6] shows that 

• c U* is an a^-cocycle; 

• U(c r )* is a unitary representation of G; 

• U(c r )* is fixed by the perturbed action Ad(c e U*) o . 
Exchanging U with U(c r )*, we obtain the following. 

Lemma 3.21. Let a, 9 and (v g ) g& r be as before. Then there exists U G U(M W ® 
L°°(G)) and c G U(M U ® L°°(G)) such that 

(1) (AdU%) u approximates a w for all n G Irr(G); 

(2) U is a unitary representation ofG, that is, we have (id<g>A)([7) = Ui 2 Ui 3 ; 

(3) cU* is an a^-cocycle; 

(4) U is fixed by the perturbed action Ad cU* o ; 

(5) v g (9<£ ® id)(*7) = C/ and (0£ ® id)(c) = c for all g G T. 

Now we set the following maps on M w as before: 

7 1 := McU* o« w , 7 2 := AdCT(-®l), 
which are actions of G and G opp , respectively. They preserve M w and M^ w . 

Lemma 3.22. In the above settings, one has the following: 

(1) v*U is a unitary representation o/G; 

(2) For all tt G Irr(G) and X G M w <8> $f (X) = (id®tr ff )(E7XE/*). 
Proof. (1) Since t> * is an a-cocycle, we have 

(^C/)i 2 KC/)i3 = K)i 2 a(^)f/i 2 t/i3 = (id®A)(^C7). 

(2) Let 5^ j7r be an isometric intertwiner from 1 into W <8> 7r for G opp . For 
IGM U » we have 

$£ (X) = (1 ® S£ j7r )(tr) 12 X 13 (£/)i2(l ® S^) 

= (1 ® 5; i j(id®A opp )(f/*)f/ 13 A 1 3f/ 1 *3 

■(id®A opp )(f/)(l®^) 

= (i®5; i j[/ 13 x 1 3f/ 1 *3(i®^) 

= (idOtO^XtT). 

□ 

Our next aim is to replace U with a new one such that we can retake c = 1. 

Lemma 3.23. T/iere ezzsfe z G U(M*») such that Ucll* = (z ® l)a w (z*). 
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Proof. By definition of 7 1 , we have = fljJU o$f oAd C/c*. Since # 3 or w = r w 

on Af w , we get t w o $ = T w ® tr ff on M w ® for all (tt, #) G Irr(G) x T. 

By Lemma r3.20[ 7 1 o 6 U is a G x T-action. It is easy to see that 7 1 o # w is strongly 
free. Since Ad((fU u *) oa converges to the trivial action, 7 1 is semiliftable. Hence 
7 1 o has the joint Rohlin property. 

Now we have two 7 1 -cocycles Uc* and U. Let K G Projf (Z(L°°(G))) be an 
(F, 5)-invariant projection with K > e\. By Theorem 13. 13[ we can take a Rohlin 
projection E G M e j <g> L°°(G)K for Q = {U,Uc*}. Set the Shapiro unitaries 
fi S := (id ®<f) (UE) and z/ := (id ®tp){Uc* E). Then we claim the following: 

Claim 1. 

^ V* = (id ®<p) (UEcU* ) , /i V* G . 

Indeed, the first equality is shown by using (R3) and ip = © 7re i r r(G)^( 7r ) Tttt- Next 
we show that fi 5 v s * G M^ w . By Lemma [3.221 we have 

(i s u s * = (id®(p)(UEcU*) = d(7r) 2 (id®tr^)(/7£c/7*) 

Trelrr(G) 

= £ rf( 7 r) 2 $f(Ec). 

jrelrr(G) 

Since G (M^) 6 ^ (g> B(H W ), //z/* is in M w . Using the commutativity of 7 2 |m^ 
and we have 

Trelrr(G) 7rgIrr(G) 

= d(^t(Ec)=^\ 

Trelrr(G) 

Next we claim the following: 
Claim 2. 

- / ® < 55 1/2 ; (3.11) 

|t/c* 7 ],(z/) - z/ ® < 55 1/2 . (3.12) 

Let U^pl/i 5 ) — n 5 ®F = v\Ujp(fi S ) — fi S ®F\ be the polar decomposition. Then 
we have 

\U^(ji 8 ) - // ® F| = v^U^fji 6 ) - // ® F) 

= v* (id ® id (f/ 12 f/i 3 7 1 (#) ) 
- w*(id®id®^)(/7i 2 f/i3(id ® F A)(£))) 

= v* (id® id ®^)(/7 12 /7 13 (7 1 (^) - (id ® F A) (£))). 
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Using Lemma [3. 101 we have 
|£/7f(/) *W = I (id ® id M (triads (7 1 (£) - (id® F A)(£)))|^ 

< |7 1 (-E) - (id® F A)(E)|^^ < 55 1 / 2 . 
Similarly we can prove (I3.12p . 

Now we use the index selection trick. For decreasing 5 n = 1/n — > and 
increasing finite rank central projections F n — > 1 in L°°(G) as N 3 n — > oo, we 
take /i(n) := /i 1/n and u(n) := z/ 1/n in £/(M w ) for n G N. Set /2 = (yu(n))„ and 
z> = (u(n)) n . From them, we construct fi and v in U{M UJ ) by index selection. 
Since /i(n)z/(n)* G M^ w , /iz/* G . By definition of an index selection map (i.e. 
it commutes with 7 1 ), we have f/7 1 (/i) = /j, ® 1 and C/c*7 (i/) = 1/ ® 1. These 
imply 

a^z///*) = Uc*j\iyii*)cU* = {yn* ® l)UcU*. 
Therefore, z := \w* is a desired solution. □ 

By the previous lemma, we get z G U{M d j) such that UcU* = (z (g> l)a w (z*). 
Then we consider V = (z* <S> 1)^(2 ® 1), which is a representation of G in M u . 
By the previous lemma, we have 

V* = (z* ® l)c£T ■ Uc*U*(z ® 1) = (2* ® l)d7*cv w (z). 

Since cC/* is an a^-cocycle, so is V*. Moreover we have 

u g (0 9 <g> id)(V) = (8) <g> 1) = (** <g> l)tf(* <g> 1) = V. 

Finally we again replace U with V = (z* ® <S> 1), and we get the following. 

Theorem 3.24. Let M be a von Neumann algebra. Assume the following: 

• We are given two actions a G Mor(M, M ® L°°(G)), 6: T-^Aut(M) and 

unitaries (v g ) g( zr G U(M ® L°°(G)) such that 

(0 g ® id) o a o # g 1 = Adv* o a; 

• M w is of type Ih and Z(M) C M e ; 

• (v g ) ge r is a (9 <g> id) -cocycle; 

• v* is an a-cocycle for each g G T; 

• a is approximately inner; 

• a n 8 g is properly centrally non-trivial for each (ir,g) G Irr(G) x T \ (l,e). 
Then there exists U = (U u ) v G U(M" ® L°°(G)) such that 

(1) (Ad converges to a n for all tt G Irr(G); 

(2) U is a representation of G i/ioi is, (id®A)({7) = U12U13; 

(3) C/* an a^-cocycle, that is, Uf 2 a"(U*) = (id<g>A)(I7*); 

(4) <g> id) (17) = U for all g eT. 

Corollary 3.25. Lei to G M u <g> L°°(G) 5e an a" -cocycle. Take U G [f(M w ® 
L°°(G)) as in the previous theorem. If U*wll is in M^ u ® L°°(G) ; then there 
exists z G U(M e j) such that w = (z <g> l)a w (z*). 
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Proof. The proof is similar to that of Lemma [3.231 Let 7 1 = AdU* o a u , 7 2 = 
AdU*(- (g> 1) and 7 = (7 1 <g> id) o 7 2 as before. 

Now we have two 7 1 -cocycles U and wlf. Let K G Projf (L°°(G)) be an (F, 5)- 
invariant central projection. By Theorem 13.131 we can take a Rohlin projection 
E G M 6 J ® L°°(G)K as in Definition O for C = {U,wU}. Set the Shapiro 
unitaries // := (id ®</?) (UE) and z/ 5 := (id ®p>)(w UE). Then we have 

ifi/* = (id ®<p)(UEU*w*), /i s u s *eM°". 

Next we show that /iV* G M£\ By Lemma [3221 we have 

jj, s u s * = (id ®<p)(UEU*w*) = d(-K) 2 {id®ti^){UEU*w*) 

Trelrr(G) 

= d(n) 2 $l\EU*w*U). 

Trelrr(G) 

Since EU*w*U G (M u ) 9u ®B(H^) by our assumption on to, //z/* is in M w . Using 
the commutativity of 7 2 |jw a , and we have 9g(f/u s *) = fi s v s *. Now we get /1 
and f in U(M U ) by the index selection as before. Then \xv* G Mfj". By definition 
of an index selection map (i.e. it commutes with 7 1 ), we have Uj 1 ^) — fi Cg) 1 
and wU') 1 (u) — v <g> 1. These imply wa^i^ufi*) = wU^ 1 (ij^*)U* = (ufi* <S> 1). 
Therefore, 2 := z//i* is a desired solution. □ 

The previous result yields the following, which can be also proved by using [XT] 
Theorem 7.2]. 

Corollary 3.26. Lei M 6e an injective factor and a an approximately inner and 
centrally free cocycle action of G on M. Let <p G W(M) and T > 0. T/ien t/iere 
exists a sequence {w n } n C U(M) such that 

• = lim Adw n in Aut(M); 

n— *oo 

• [Dtp o $° : Dip <g> tr^T = lim aj(tu n )(«)* ® 1) /or a// 7r G Irr(G), 
where the latter limit is taken in the strong* topology. 

Proof. By [HI Theorem 6.2] and Lemma [3.21 we can perturb a to be an action. 
Considering the chain rule of Connes' cocycles, we may and do assume that a 
is an action. Applying the previous theorem to a and T = {e}, we can take a 
unitary U = (U v ) v in ® L°°(G) such that AdU" approximates a and U* is 
an a^-cocycle. 

Take a sequence of unitaries {v u } u C M such that = lim Ad?;". This is 

v—*oo 

possible because cr^ is approximately inner [U HI [H]. We set v := (t> v ) v G M w . 

For 7r G Irr(G), we set a unitary := ((v")* ® l)[-£ty> : -ffy ® tr^o^^) 
in M ® 5(if 7r ), and also set := (u£) w G M <g> L°°(G) and iu = (w"),, G 
M a; ®L 00 (G). Then by Lemma [7. 121 we see that w is an a^-cocycle. We will check 
that U*wU G M W ®L°°(G). Take any tt G Irr(G) and t/> G M*. Recall the notation 
0" ~ ^ for sequences (0% C (M ® B(H n ))* with lim ||0" - = 0. 
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Using o a%? * = a% o $^ (see [HI §3.2]), we have 

{u:r<K ■ w ® tr w ) • 

~(E£)X-(t^)-«)*E£ 

= (C/^)*(K)* ® o : £ty ® tr^ • ■ (V o $«) 

• ^((O*) [Dy? o $° : Zty ® tr,] r K ® 1)^" 

= ® ° ^ = ^ ® tr ff ]^ • (K • V- • KD ° O 

■ [Zty o : D</? <g> tr,] T (^ ® 1)*/" 
~ ([/")*(«)* ® o : (gi tr.]* • ((^ o a v _ T ) o 

• o $° : ® tr K ] T (v v ® l)^ 

~ (L^)* • (([Zty o : <g> tr,]* • ((^ o at T ) o $«) • [Zty o : <g> tr ff ] T ) 

= (u u y ■ o $«) . c/" 

~ V ® tr 7T ■ 

By [IBJ Lemma 3.6], we see that U*wU is in M w ® L°°(G). Using Corollary 
13.251 we can take a unitary z G M w such that w = (z ® l)a w (z*), that is, 
[Dip o $° : Dy? (gi tr^fi = (vz ® l)a; w (2;*f *). Then a representing sequence of 
satisfies the desired properties. □ 

4. Classification for type III a case 

4.1. Canonical extension to discrete cores and the main result 

As explained in Introduction, our idea in type IIIa case is that we reduce the 
classification problem to type IIqo case by using the discrete decomposition. For 
this purpose, we have to consider the canonical extension of endomorphisms of 
a type IIIa factor to its discrete core. This is possible for endomorphisms with 
trivial Connes-Takesaki modules as follows [T2"l Proposition 4.5]. Readers are 
referred to §7] for relations between the results of [12] and [19] . 

Let R be a type IIIa factor, < A < 1, and (ft a generalized trace, that is, 
(f)(1) = oo and cx^ = id, T = — 27r/logA, hold. Then R T is called the 
discrete core. We denote by A^(t) the unitary implementing af for tel. 

Definition 4.1. Let R be a type IIIa factor and K a finite dimensional Hilbert 
space. For (3 G Mor (_R, R®B(K)) with the standard left inverse <3> and mod(/3) = 
id, we define the canonical extension (3 G Mor(i? T, (R xi CT «> T) ® B(K)) by 

(1) p[x) = /3(x) for all xeR; 

(2) /3(A*(*)) = [Dcf) o $ : D(f) ® tr*]t(A*(t) g> 1) for all t G R/TZ. 

For a cocycle action a G Mor(_R, i? ® L°°(G)), we can prove that 5 := (5^.)^ is 
a cocycle action in a similar way to the proof of Theorem 17.131 
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Lemma 4.2. If (3 G Mov(3l\,3l\ ®L°°(Q)) is an approximately inner and cen- 
trally free cocycle action, then f3 is also approximately inner and centrally free. 

Proof. We check mod(/5 7r ) = id for each tt G Irr(G). Let <fi be the dual weight 
on M. Then af = Ad\^(t) for t G T. Take a positive operator h such that 
\<t>(t) = h~ u for t G T. Then fe is a trace on M := ft A \ Note that $f 
commutes with the dual action 9. Let Tg : M — > be the operator valued weight 
obtained by averaging the Z-action 9. Using <j) o $^ = o $^ o (Tg (8) id), we can 
compute as follows: 

[Dfa o $f : ® tr w ] t = o $f : o $f] t [£ty o $f : <g> tv w ] t 

■ [Dlj) <g> tr w : £ty ft (8) tr ff ] t 
= ^{^)[D(j) o o (T fl ® id) :D<poT e ® tr^lt^"** ® 1) 
= ^(A^)*)^ o : D</> (g) trJ t (A*(t) ® 1) = 1. 

By Corollary 17.71 P is approximately inner. 

Next we check the freeness of (3. If (3 n is not properly outer for some ir ^ 1, 
then j3 n is actually implemented by a unitary. This fact is proved as in the proof 
of [12l Proposition 3.4] because of the irreducibility of f3 n [TBI Lemma 2.8]. Also 
note Lemma [73] Using (CRa)w C. M w (see the proof of [ISJ Lemma 4.11]), we see 
that (3 n is centrally trivial, and this is a contradiction. 

We show that (3 is centrally free action. The second canonical extension (3 is 

cocycle conjugate to (3 by Lemma [3.31 Hence (3 is centrally free on M Xg Z, and 

(/3 7r ) a; is non-trivial on (M M# Z) w for any 7r ^ 1. Since (M Z)^ is naturally 

isomorphic to M^" and {0) u \m u = (/5)^|Af^, (Ar)^ is non-trivial on for any 
7r 1. In particular, /? is a centrally free action because (3 is free. □ 

Though the action (3 is unique up to cocycle conjugacy, we need to consider 
the Z-action 9 to obtain the uniqueness of the original (3. Our aim is to classify 
the G x Z-action (39 on ^o,i- The following is our main theorem in this section. 

Theorem 4.3. Let M = &o,i with a trace r, 9 G Aut(M), a be an action of & 
on M , (3 an action of & on 3^o- Assume the following: 

• 9 G Aut(M) satisfies r o 9 = \t, < A < 1; 

• a is approximately inner and centrally free; 

• a and 9 commute; 

• (3 is free. 

Then a>9 is cocycle conjugate to 9 ® (3. 
Once proving the above theorem, we can show Theorem 12.41 for as follows. 



Proof of Theorem\2^for &x, < A < 1. 
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Let (p be a generalized trace on "Jix, and M := 3^ ^o-^ T. Then M is isomorphic 
to 3?o,i- Let 9 be a dual action by Z on M, and a the canonical extension of a. 
Then 5 is approximately inner and centrally free by Lemma 14.21 Applying the 
previous theorem to aO, we get a.9 ~ 9 ® j3. 

By Lemma [331 the second extension 5 on M XgZ is cocycle conjugate to id ®f3 
on (M x e Z) ®Dl . By Lemma I3T3"1 5 is cocycle conjugate to a. Hence a is cocycle 
conjugate to id^ A <S>/3. □ 



4.2. Model action splitting 

The rest of this section is devoted to prove Theorem 14.31 Let M, r, a and 
9 be as in that theorem. We also take a faithful normal state <fi on M. We fix 
their notations from here. Since 9 scales the trace, the G x Z-action a9 is not 
approximately inner. 

Lemma 4.4. The G x X-action a9 is centrally free. 

Proof. Since r o 9 = At with A 1, 9 is centrally free. Assume that a,r# n 
is centrally trivial for some ir G Irr(G) and n G Z. Then the map is 
implemented by a unitary by Corollary 17.71 but we have mod(a n 9 n ) = mod(9 n ) 
because mod(a n ) = id. Hence n = 0, and ir = 1 by central freeness of a. □ 

Take U G £/(M w ® L°°(G)) as in Theorem EZU with r = Z and v g = 1. Define 
the G x G opp -action 7 = (7 1 ® id) o 7 2 as before, where 

7 1 ( x ) = U*a"(x)U, 7 2 (x) = 17* (a <g> 1)17 for x G M" '. 

Since 17 is fixed by 9", 7 commutes with 0" on M w . Hence 76^ is a G x G opp x Z- 
action on M u . Applying Corollary 13.151 to the strongly free and semi-liftable 
action 7 1 o 9 and the set T = {U nij }"j^, we have the following result. Note that 

T n (M^y 1 = (M^y. 

Lemma 4.5. For any n G N ; there exists a partition of unity {Ei}™~Q in MJ 
such that 9 u (Ei) = Ei + \ for < i < n — 1 (E n := Eq). 

As in [2], we obtain the following stability result by using the above lemma. 

Lemma 4.6. The Z-action 9^ on MJ is stable, that is, for any u G U(M^), there 
exists w G U(M%) such that u = w9 UJ {w*). 

Lemma 4.7. For any n G N, there exists a system of matrix units {/ij}"ji 
Ml with e u (fij) = tf'tfa, ^ere ft = e 2 ^ l ' n . 

Proof. By Corollary EUJ for 7 1 w , we see that (T" fl M u )^ r = is of type 

Hi. Hence we can take a system of matrix units {ey}"J =0 C MJ e ". Set u := 

YllZo ^ e iiy an d by Lemma l4~6l we have w G Z7(MJ) such that it = w9 u {w*). Set 
/y := w*eijW G M 7 . Then we have 

= 9 UJ (w*)e ij 9 UJ (w) = w*ueijU*w = fiy 

□ 

26 



Recall the following result [201 Proposition 7.1]. 

Lemma 4.8. Let e, / be projections in M u with v*v = e. vv* = f for an element 
v E M u . Let e = (e(z/))„ and f = (f{y)) v be representing sequences such that 
e(v) and f(u) are equivalent for each u EN. Then we can choose a representing 
sequence of v, v = {v{v)) v so that v*(y)v{v) = e(v) and v{y)v{u)* = f(y) for 
each v E N. 

Lemma 4.9. Let n E N and fi = e 2lTy /-^/ n , Then for any T <s Irr(G), \l/ <s 
(M*) +; and e > 0, there exists a unitary u E M ® L°°(G), a unitary w E M and 
a system of matrix units {fij}™jlo ^ n M such that 

(i) IK - i||f® tr . < e f° r aU 71 e F; 

(ii) \\w-l\\*< e; 

(iii) || [fij, < e for all if; E * and < i, j < n — 1; 

(iv) Adu o a(fij) = <8> 1 for all < i, j < n — 1; 

(v) Adw o e\fij) = fjT'fij for all < i,j < n - 1. 



Proof. Let {/ij}",=o ^ e a system of matrix units in MJ as in Lemma [4.71 Then 
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l(fij) — fij ® 1 implies a w (/y) = <8> 1. Take a representing sequence of /y, 
(fij(v))v such that {/ij(^)}"jio * s a system of matrix units in M for all za 

By Lemma T4. 81 for each tt E Irr(G), there exists v n {v) E M ® B(H^) such that 
u^KM* = /oo(^) ® 1, = a^(/oo(v)) and (v n (v)) u = f 0Q (g) 1. Set a 

unitary u w (i/) := J™=o (fio( u ) ® 1 ) t, 7r(^)a 7 r(/oi(^))- Then Ad«» 0^(^(4/)) = 
<g> 1 holds. We have K(j/))„ = 1 in ® B(H V ). Indeed, 

71— 1 71—1 

Mu)) v = Y,(Mv)®iUvM)»<((U"))v) = X)(/iO®l)(/0O®l)(/«®l) = 1. 

7=0 7=0 

Set a unitary w(z/) = (« 7r (i / )) w in M £g> L°°(G). 

Next we construct to. Applying Lemma 14.81 to 6^(/ o) = /oo; there exists 
G M such that v(u)v(u)* = f Q0 , v(v)*v(v) = 0(f oo (u)) and {v(u))„ = f 0Q . 
Set a unitary w{v) := J27=o P % fia(v)v(v)Q(f Then Adw{v) o 6{f ij {v)) = 
fij{ v ) holds for all < i,j < n — 1 and v E N. We can show to(/v) — > 1 
strongly* as v — > uo as above. 

Hence we can choose v E N such that u = u(u), w = w(v) and fijiy) satisfy 
the desired conditions. □ 

Let \& n (e M„ be an increasing subset such that \I/ = IJ^Li is total in M*. 
We recall the following result due to Connes ^ Lemma 2.3.6]. 

Lemma 4.10. Let M 1 ,M 2 ,---M n E M be mutually commuting finite dimen- 
sional subfactors. Denote \J™ =1 Mk := N. If J2T=i IIV* ^M'nM — VHI < 00 
/or aZZ if) E , then N is a hyperfinite subf actor of type II\ and we have 
M = JVVfnM = iV®f nM. Here E M r^ M = tr Mfe ® id M ^ nM . 

Let {nfc}^ 1 C N be such that any n E N appears infinitely many times. Set 

Hk := e 27rv/3T / nfe . For a system of x matrix units {ejj}"^Zo; set u nk : = 
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Yl^to 1 A*& e ii) an d °" := ® jfcli -Ad w nfc . Then a is an aperiodic automorphism on 
<S)fcLi -^n fe (C) = ^o- We will prove the following model action splitting result. 

Lemma 4.11. The action aO is cocycle conjugate to the action a ® a9. 

Proof. Step 1. Let {ek}kLi be a decreasing sequence of positive numbers with 
YlkLi €k < 00 • Let {-^>n}^=i be a family of increasing finite subsets of Irr(G) 
such that IJm=i J~m — Irr(G). 

Recall that we have fixed a faithful normal state <fi G M*. We will construct 
the following families: 

(1) Matrix units, {/Jj}™j=o C M for A; G N such that they are mutually 
commuting for k and satisfy \\[if>, f^]\\ < e^/n^ for all < i,j < rife, 
t/> G and fceN. 

We set M nfc := ({j^ld)" and £ m j = VLi^; 

(2) Unitaries w m G {E' m _ x fl M) <g> L°°(G) and w m G n M satisfying the 
following for each m G N: 

• \\u™ - l\\f 9ttK < e m and \\w m - < e m for all tt G T m \ 

• We set M m := u m u m ~ l ■ ■ ■ u 1 and w m := w m w m ~ 1 ■ ■ -w 1 . Then we 
have, for all < i, j < nu — 1 and 1 < k < m, 

Ad« TO oa(/ < 5) = /J®l; 
AdtD m o0(/*) = ^>/*. 

Assume we have constructed up to k = m. Set a m := Adw m o a, and 6( m ) '■ = 
Adw m o 6*. Since a m fixes i? m , a m is a cocycle action on E' m fl M. 

Let {e*} a basis for Let us decompose ip G \l/ m+ i as ip = m ^ ^ ® V**) 

V'i G (-E^ fl M)#, and denote by ^f m +i the set of all such ipi. Fix 5 m+ i > so that 
S m +i < e m+ i (n m +i dimE m ) . 

Claim. There exist the following elements: 

(1) A system of matrix units {f^ 1 }^' 1 C ^nM such that || [V>, || < 

for t/j G ^m+i- 

Set M m+1 := ({/™ +1 }-7 = + 1 ~ 1 ) ,/ and E m+1 = E m V M m+1 . 

(2) Unitaries u m+1 G fl M) ® L°°(G) and w m+1 G E' m n M satisfying the 
following 

• - lHf^ < e m+1 and ||w m+1 - l||f < e m+1 for all vr G ^ m+ i; 

• Adu m+1 o a m (f™ +1 ) = f™ +1 for all < i,j < n m +i - 1; 

Ad«; m+1 o # (m) (/™ +1 ) = i^PfS* 1 for all < i, j < n m+1 - 1. 

Indeed, we can prove this as follows. By the natural isomorphism [E' m P[M)^ = 
E' m n M", we have 

((E' m n M) w c « n M) w ) = (M w c£;n M"). (4.1) 

On E' m r\M, we have a G-cocycle action a m and a Z-action 9r m y Using Lemma W77\ 
we take a system of matrix units {/ij}"™=o 1 c sucn that 0u(fij) = lAn+ifij 
for < i,j < n m+1 - 1. Then we get ^ m) (^) = w m 6 u (fii)(w m Y = /4+i/ir 

28 



Since is fixed by 7, af(fij) = fij <S> 1 as before. Hence we have 
»'"(/;; 1 )(«'")' 



(« m )" J (A 



fij (g> 1. By using (14.11) . we can represent {fij}iJ=o as se 



1 1 

the Claim as in Lemma 14.91 



quences {{fij{^))v} ijl^ 1 m EL H M. Then we can take a desired elements in 



Now the condition (1) in the Claim implies || [tp, f™ +1 ] \\ < € m /n m for ip G ^ m +i- 
Thus we complete induction. We have constructed families u m , w m and E m for 
m G N. Since for ^ G we have 



11^ °E M ^ k c\M 



< 



ij=0 



y=0 



< — ■ n 



ij'=0 



we can check J2T=i II V* ^m; n« — ^|| < 00 for ^ G 1 I r . Then Lemma 14. 101 implies 
that .E := VfcLi ^fc ^ s isomorphic to $0 and yields a tensor product splitting 
M = £V(£'n¥)=fi®(£'n¥). 

Step 2. From the condition (2), the strong* limits m°° = lim u m and = 

lim w m exist, and together with (1), we have Adw 00 o a(x) = x ® 1 and Ad o 

m^oo 

6?(a;) = cr(a;) for x & E. Extend w°° to the 0-cocycle naturally and denote it also 
by w°° G M <g) £°°(Z). Then we get the perturbation from the G x Z-action a9 
to the G x Z-cocycle action (Ad«°°a(«f°) o Set /3 := Mu^ai^w 00 ) o a<0. 

Then /3 is of the form a ® (3' on £ <g> (E' H M) , where /?' = /3| S 'nM- We claim that 
v is evaluated in E' n M, and (/?', t> ) is a cocycle action. 



By definition of v, ((3 ® id) o /3 = Adt> o (id < 
< i,j < n^. — 1. Then we have the following: 



(/V^® id) (/W) (/£•)) 



«+m)(j-j), 



Let fc G N and 



(/* ® U ® l p ) 



and 



(id( 



3A Gxz)(/ ? (/£))m),(p. 



"') 



(id®A)(^(4) ( .,, +m) ) 7r)P 



^+™)<<-i) (idl 



a) a 



/7T,p 



Hence w is evaluated in D M for any k G N, and hence in £7' n M. 

We have shown that a9 is cocycle conjugate to the cocycle action a®[3'. Since 
E' fl M is type III, we can perturb ((3',v) to a G x Z-action (3" by Lemma [3.21 
Hence a9 ~ a ® (3". Since a ® a pa a, we get a6 ~ cr <g) a <g> /3" ~ a <g> a0. □ 

Remark 4.12. We can use the Jones-Ocneanu cocycle argument in [20, Lemma 
2.4] to obtain cocycle conjugacy a6 ~ a <g> in Step 2 above. We set v := 
m^o^Tu 00 ). Then we have Ad i>oa6 = (3 = a®[3'. Since a is conjugate to a ® a, 



there exists an isomorphism 7 from E ® E onto with 7 
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00-07 = 0-® a. So 



we have 

(7~ 1 ® id® id ioo( g xZ) ) ° Ad v o a9 o (7 ® id) = 7 _1 o cr o 7 ® = cr ® er ® /?' 

= o ® Ad v o a9. 

Then the following holds: 

Ad(7 ® id(g)id)(l ® i/*)v o a0 = (7® id(g> id) o (a <g a6>) o (7- 1 <g> id). 

We will verify that (7 ® id Cg) id) (1 ® v*)v is an a^-cocycle. Here note that (7 ® 
id ® id) (1 ® f ) = f holds because the 2-cocycle t> is evaluated in £" D M. Then 
the following holds: 

((7 ® id(g)id)(l ® z/*)z/(g> 1) • a0((7 (g id(gid)(l (g i/*)z/) 

= ((7®id(8)id)(l(8)i/*) (g 1) • (cx (g /?') ((7 (g id® id) (1 (g z/*))(z/ (g l)a0(i/) 

= (7® id®id)((l ®v* ® l){a®(T®(3'){l®v*))v(i&®&){v) 

= (7® id(8)id)(l 8>a0(i/*)i/*)T;(id<g>A)(i/) 

= (7®id®id)(l ® (id<g>A)(i/*)v*)v(id®A)(u;) 

= (id®A)((7 ® id®id)(l ® v*)v). 

Hence a9 and a9 ® er are cocycle conjugate. 

• Proof of Theorem \4-3\ 

Note that # ® 6 1-1 is cocycle conjugate to id#(£ 2 ) ®cr by Connes [2]. Then the 
following holds: 

ct# ~ idB(e 2 ) ®a6 (by Lemma [3. ip 

~ id^(£ 2 ) (gcr ® a9 (by Lemma 14.111) 
~ 9 ® 6» _1 ® a0. 

Since the action ® ct# preserves the trace of CRo,i, it is approximately inner. 
The central freeness is clear. Then 9" 1 ®a>9 is cocycle conjugate to i&b(z 2 ) ®cr®/3 
by Theorem 12.41 for type Hoc case, and the following holds: 

9 ® 6» _1 ® ct6» ~ ® id B(£2 ) ®<r ® /3 
~ 0® ,3. 

Therefore we get a0 ~ ® f3. □ 

We close this section with the following lemma which is used in Section [6j 

Lemma 4.13. Let N be a type III\ factor with < A < 1 and a an approximately 
inner action of & on N. Let ip be a generalized trace on N . Then there exists a 
G-action (3 on N such that 

• j3 ~ a; 

• ip o &@ = ip ® tr,,. for all n G Irr(G). 
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Proof. Since a is approximately inner, we see that ip o $° is a generalized trace 
for all 7r G Irr(G). Hence there exists a unitary v n G A (g B(H n ) such that 
0o$" = (^/xgtr,,-) oAdtv- Set t> = G A(gL°°(G), and consider the cocycle 
action 5 := Adv o a, whose 2-cocycle is given by u :— (v <g) l)a(t>)(id (gA)(t>*). 
Then we have r/> o = -0 (g) tr„-, and <r^ and 5 commute in particular. 
We check that u is evaluated in as follows: for 71", p G Irr(G), 

u*(/0 <g tr„- (g tr p )u 

= V* ■ o $^ o ($* (g id)) • It 

= (id® A) (*;)«>;)« <g 1) • (V> o $ p o ($* <g id)) • (v ff (8) 1)0^(^)0(1 ®A)(t;*) 
= (idoA)^)^^) • (V> o $J o ($« (g, id)) • ^(^(id ®A)(t;*) 
= (id®A)(T;) • • o $J) • ^) o ($« id)) • (id®A)(u*) 
= (id®A)(i;)- (V> o $° o ($« <g> id)) .(id®A)(u*) 

= E E ^^(id®A)( W )(l®5)-(^o$«).(l®S*)(id®A)(^) 

- E E ^< 1 * s >'«<°^'< 1 * s *> 

= E E 5f g 5 (13S)-W3tr.).(l«S-) 
= -0 <g tr,r <g tr p . 

Hence u G ® L°° (G) ® L°° (G) , and (5|jv,,u) is a cocycle action on the type IL^ 

factor A^. By Lemma 13.21 there exists a unitary w G A^ eg L°°(G) perturbing 
(6, u) to the action (Adw; o 5,1). Then wv is an a-cocycle and we set (3 : = 
Adwvoa. We check that f3 satisfies the second condition. Since $^ = $^.oAdu>* 
and w G <g L°°(G), we have 

^o$^ = i/>o$*oAd< = (j/)® tr w ) o Ad iu* = -0 ® tr* • 

□ 



5. Groupoid actions and type III case 

Let M be an injective factor of type IIIo and {M, 6, t^} the canonical core 
of M. Let [X,v,T t ) be the flow of weights for M, that is, Z(M) = L°°(X, v), 
9t(f)(x) = f(J r -tx) and v is a measure on X. We represent (X, is, Tt) as a 
flow built under the ceiling function, that is, there exist a measure space (Y,fi), 
f G L°°(Y, jj) with f(x) > i? for some R > 0, and a nonsingular transformation T 
on (Y, /i) such that A is identified with {(y,t) \ y G Y, < t < f(y)}, u = fj, X dt, 
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and !F t (y,s) = (y,t + s) where we identify (y,f(y)) and (Ty, 0). Then we have 
two kinds of measured groupoids, S := IR Xjr X and S := Z x T Y . In fact, S 
is characterized as S = {7 G S | s (7)^(7) G F}. Here for a T-space Z, the 
groupoid r k Z is defined as (g, hx)(h, x) = (gh, x) for g,h G T and a; G Z. The 
source map s and the range map r are defined by s(g, x) = x and r(g, x) = gx, 
respectively. 

Let a be an approximately inner action of G on M. Then mod(a) = id by 
Theorem 17. 6[ that is, the canonical extension a fixes L°° (X, v) . We first discuss 
the reduction of the study of G x IR-action a9 to the groupoid actions. 

Let M = f® M(x)dx be the central decomposition. Since M(x) are injective 
for almost every x G X, M{x) = $0,1 holds for almost every x G X. As in |24|, 
we obtain a family of actions {a x } xe x of G on Mix) determined by 

5(a) = / a{a){x)dji{x) = I a x (a(x))dfi(x), 
Jx Jx 

and an action {6* 7 } 7g g of S by 

^t(a) = / O t (a)(x)dfj,(x) = / 6~ f (a(J-'-tx))dfi(x), 
Jx Jx 

where 7 = (t, T-tx). Of course # 7 is an isomorphism from M(s(7)) onto M(r(7)). 
Then 7 and 5 X . commute in the following sense: a r M o # 7 = [6 1 <g> id) o 5 S ( 7 ). 

Since 5 preserves tt? by Lemma IT. 141 each a x preserves t x , a trace on M(x). We 

denote the 7r-component of a x by a n ^ x . We introduce the notion of a G-S-action. 

Definition 5.1. Let R be a von Neumann algebra, G a discrete Kac algebra, 
and S a groupoid. 

(1) Let {a x } x< =g(o) be a family of actions of G and {« 7 } 7 eg an action of S on 
i?. We say that a is a G-Q-action if a r ( 7 ) o a 7 = (a 7 ® id) o a s ( 7 ) for all 7. 
We denote a r ( 7 )« 7 and a 7r)r .( 7 )a 7 by <x i7 and a W}1 for simplicity. We call 

{a x } x( zQ(o) and {a 7 } 7e g the G-part and the Q-part of a, respectively. 

(2) For two G-S actions a and /3 on R, we say that a and (3 are cocycle 
conjugate if there exist a Borel function a: X — >Aut(i2), a /^-cocycle w 21 
for x G X and a /3 7 -cocycle w 7 for 7 G 3 satisfying, for all x G X and 

7 eg, 

(a r(7) ® id) o a . )7 o crj^ = Ad(V (7) /3 r(7) (w 7 )) o /?. >7 

and 

M rW /5 r(7) (M 7 ) = (M 7 <g> l)(/? 7 ® id)(M s(7) ). 

In this case, we simply say that u r ^ /3 r ( 7 )(w 7 ) is a /3-cocycle. 
The following can be shown as [24"l p. 430]. 

Lemma 5.2. Let a, /3 be actions ofG on a type III® injective factor M. Suppose 
that mod(a) = id = mod(/3). 
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(1) The G x 151-actions a9 and (39 on M are cocycle conjugate if and only if 
the G-Q-actions a? r ( 7 )# 7 and /3 r ( 7 )# 7 on CRo,i are cocycle conjugate. 

(2) If the G-S-actions 5 r ( 7 )# 7 and (3 r t 1 \9 1 on 3i ,i are cocycle conjugate, then 
they are also cocycle conjugate as the G-S-actions. 

Hence we only have to classify two G-9 actions a r ( 7 )0 7 and /3 r ( 7 )0 7 on SR. ,i- 
Here the G-parts preserve the trace, and the S-parts come from 9, which are 
independent from a and (3. Now we consider the following situation: 

• We are given two G-S-actions a and (3 on D*o,i; 

• The G-parts of a and (3 are free actions; 

• The G-parts of a and (3 preserve the trace on D?o,i; 

• mod(a 7 ) = mod(/3 7 ) for 7 G 9- 

Note that 9 is an ergodic, approximately finite (AF), orbitally discrete principal 
groupoid, and the following Krieger's cohomology lemma provides a powerful tool 
for study of actions of such groupoids [16]. (Also see [131 Appendix].) 

Theorem 5.3. Let G be a Polish group, and N a normal subgroup. Let 9 be an 
ergodic AF orbitally discrete principal groupoid. Let 9 1 and 9 2 be homomorphisms 
from 9 to G with 9* = 9"t mod N. Then there exist Borel maps a: — > N 
and u: 9 — > N such that cr^^^aj^ = u^9 2 . 

We need some preparations as in [T3], [23]. Let a be a trace preserving free 
action of G on CR ,i- Let be the set of pairs (0,v), where 9 G Int(CR ,i) and v 
is a a-cocycle such that Ad v o a — (9 <S> id) o a o 9~ 1 . We define the multiplication 

on C« by (9 1 ,vi)(9 2 ,v 2 ) := {9i9 2 , (6 l i®id)(f 2 )fi). Let Auta-(fto,i x CT G) be the set 
of all automorphisms which commute with the dual action of G. Then we have 
Ci 1] c Aut*(Dlo,i x,7 G) in a canonical way, and is a Polish group. In fact, 
C { a ] = Aut^(ft ,i x CT G)nKer(mod) holds. Let c£ 0) : = {(Adt», (v®l)a(v*)) \ v G 
U(% A )}. Then ci° ] is a normal subgroup of Ci 1] . 

Lemma 5.4. is dense in . 

Proof. Since a is trace preserving and free, a is approximately inner and centrally 
free by Corollary 17.71 Then we can take a unitary U = {U") u G ® L°°(G) as 
in Theorem 13.241 with T = {e}. 

Take (9,v) G CP and choose {v u } u C 17(3*0 1) with = lim Adu". Then 

Adv o a = (9 ® id) o a o 6> _1 = lim Ad(^ <8> 1) o a o Ad(w")* 
= lim Ad(/®l)ff((/)*)o(T. 

Set 1/ := «)„ G 3^ x . Then to := u *(V ® l)a w (V*) is a a w -cocycle, and [7W G 

(32o,i)w <8> 7°°(G). By Corollary [3251 there exists 2 G (3*o,i)w such that w = 
(2; (g> l)o w {z*). This implies (z*V ® l)a^{y*z) = v. Let {\i v ) v be a representing 
sequence of z*V. Then = lim Ad fi u and t> = lim(fi u <g> l)cr((/i iy )*). □ 
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Lemma 5.5. Suppose that (3 X is constant, that is, (3 X = (3 Xo for some xq G S ■ 
Then there exist Borel families of automorphisms {o~ x } x& g(o) C Int(3£o,i) and (3 X - 
cocycles {w x } xeS (o) C U(%) t i ®L°°(G)) such that (cr^ £g> id) oa x . oa" 1 = Adw x of3 x . 

Proof. Set N := ft ,i Hp G and N(x) := CR ,i \ x G for each Note that 

A" and iV(x) act on the common Hilbert space L 2 (CR ,i) <8> L 2 (G). 

Let B x be the set of pairs (a, v), where a G Aut(ft ,i) an d v is a 1-cocycle 
for a x such that (cr -1 ® id) o Adt> o a x o a = (3 XQ . Then B x is non-empty be- 
cause of Theorem 12.41 for $0,1 and it is identified with the set of isomorphisms 
from A" onto N(x) preserving $0,1 • Moreover, B x is a Polish group because it 
is identified with a closed subset of unitary maps L 2 (N) onto L 2 (N(x)) which 
intertwine A" and N(x), preserve positive cones and L 2 (ft ,i) and commute with 
modular conjugation|8j. Then thanks to the measurable cross section theorem 
[27J Theorem A. 16, vol.1], we can choose a Borel family (a x ,v x ) G B x as in the 
proof of [27J Theorem IV.8.28, Proposition IV.8.29]. □ 

Theorem 5.6. Let a and (3 be G-S-actions on CR ,i as before. Assume that (3 X is 
constant. Then a and (3 are cocycle conjugate as G-S actions. 

Proof. By the previous lemma, we can take Borel families {c x } x£S (o) C Int(ft ,i) 
and {w x } x( z S (o) C U(%) t i Cg> L°°(G)), /^-cocycles such that (a x g) id) o a x o a" 1 = 
Adw x op x . By replacing a r ( 7 )« 7 with (cr r ( 7 ) ®id) oa r ( 7 )a 7 o^A, we may assume 
a x = Adw x o f3 x and mod(a 7 ) = mod(/? 7 ). Since (/3 7 £g> id) = /3 r ( 7 )/3 7 , we can 

regard /3 7 as a homomorphism from 9 to Auto-(3? ,i ~Xp XQ G) by 7 — > (/5 7 , 1). We 
also have 

(a 7 (g> id)/3 s ( 7 ) = (a 7 <8> id) o Ad-u^ 7 *** o a s ^ 

= Ad(a 7 (8) id)(w s{l) *) o (a 7 ® id)a s(7) 

= Ad(ct 7 <g> id) (w^ 7 -'*) o a r ( 7 )a 7 

= Ad(a 7 <g> id)(w s(7) *)w r{7) o /3 r(7) a 7 , 

where (a 7 <8> id) (u^ 7 - 1 *) -u^ 7 ) is a /3 r ( 7 )-cocycle. So we can regard a as a homo- 
morphism from S to Aut^ (3^o,i ^p xo G) by 7 — > (ct 7 , (a 7 ® id)(u; s ^ 7 ^*)w r< - 7 ' 1 ). Here 
note that Ci = c£ because /3~ is constant. 

We next show that a 7 = /3 7 mod((7g ). Since mod(a 7 ) = mod(/3 7 ), it is clear 
that a 7 /3~ 1 G Int($o,i)- By the above computation, we also have the following: 

(a 7 /3~ 1 <g> id) o /3 r(7) = (« 7 <g> id) o /3 s ( 7 )/3~ 1 

= Ad(a 7 ® id)(u; s(7) *)w r(7) o p r(rf)0 u,p- x . 

Hence G (7g . Applying Theorem 15.31 and Lemma [5.41 to the two maps 

a, (3: S — ► c£. and Ci° , we get Borel maps 9 a; 1— ► (cr x ,f :r ) G Ci^ and 
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u: S 9 7 ^ m 7 G U(%} ) i) such that 
(Adw 7 , w 7 /? r(7) (>*)) • (/3 7 , 1) 

= (<x r(7) X (7) ) • K,K®id)K^)^)) • (a-^a;^^*)). 

The left hand side is equal to (Adw 7 o /3 7 , u y P r (y)(uZ))- We compute the right 
hand side. For simplicity we write ct 7 for a 7 ® id and so on. 

(a r(7) ,^)) • (a 7) c* 7 KW*H«) ■ (a; (7) ,a; (7) (^^*)) 
= (^a,,*^) (a>'W*KW) w^)) ■ (^ (7)) ^)(^ (7) *)) 
a r(7) a 7 a s " (7) ,cr r(7) a 7 cr s " (7) (i; s(7) *)cr r(7) (a 7 (w s(7) *)w r(7) ) v r(7) ) . 



By comparing the first component, we have Adit 7 o/3 7 = cr r ( 7 ) oa 7 oc A. Since 
9 is generated by a single transformation, we may assume that Zlry IS CL /3-cocycle. 
The second component is computed as follows: 

a r(7) a 7 a; (7) (^ 7 >K (7) (a,(w s ^*)w r ^) v r ^ 
= Adw 7 /3 7 (^ (7) *) ■ (r r(7) a 7 (u; s(7) *)(T r(7 )(u; r(7 V r(7) 
= Adw 7 /3 7 (^ (7) V s(7) (w s(7) *)) a r(7) (w r(7 V r(7) . 

Set u x := <r :r (w :r )f x . By using a x o fi x o a^ 1 = Adv x o f3 x , it follows that u x is a 
/^.-cocycle and o a x o a" 1 = Adw x o (3 X . By comparing the second component, 
we have /3 7 (« 7 ) = /3 7 (u*W*)u*u r M, and equivalently u^/?^) = u 7 /3 7 (u s ( 7 )). 
This shows that w. 7 is a /3-cocycle, and cr r ( 7 ) o ot. )7 o o~ s ^ = Adu. i7 o /5. 7 . Thus a 
and /3 are cocycle conjugate. □ 

• Proof of Theorem \2.4\ for type IIIq factors. Let M, a and a*- -* be as in Theorem 

12.41 Then 5 and id^ = id^^a^ act on Z(M) trivially and free on M by 

Theorem 17.61 By using an isomorphism CR ,i — ^o,i ® ^o, we see that (5 x )zex 
and (id^/x C^a^^ex are satisfying the condition of Theorem 15.61 Then the two 

G-S-actions on $o,i arising from a6 and 9 are cocycle conjugate. This 
implies the cocycle conjugacy of the G x R-actions a.9 and (9 <8> cr )) by Lemma 
15.21 Considering the partial crossed product by 9, we get 5 ~ id~®a^ as in 

the proof of Lemma \3. 41 Thus a and idM SDo^ -* are cocycle conjugate by Lemma 
1331 □ 

Remark 5.7. In general, there may appear some obstructions in combining the 
G-part and the S-part. In [T3], [23J, [15], model actions absorbing obstructions 
are constructed. In our case, however, we are treating only free actions, and no 
obstructions appear. Hence we do not need such model actions. 
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6. Classification for type IIIi case 

6.1. Basic results on canonical extensions 

In §H we obtained the classification of approximately inner and centrally free 
actions of an amenable discrete Kac algebra on the injective factor of type IIIa- 
Using this result together with ideas of [U [9] (also see [17]). we classify actions 
on the injective factor of type IIIi. 

Let M = D?oo and p be a faithful normal state on M. Fix T > 0. Set 
N := M x a v Z, which is an injective factor of type IIIa, A := e~ ~r , and let U G N 
be the unitary implementing o^. The dual action of the torus T = M/27rZ 
is denoted by 9, which acts on U by 9 t {U) = e~^~^ t U for t G T. Using the 
averaging expectation Eg: N —* M by 9, we extend <p to tp :— <po Eg. Throughout 
this section, we keep these notations. 

Now we introduce the extension": Endo(M) — >Endo(./V) defined by 

p(x) = p(x) for all x G M; 

p{U)=d(p) lT [Dpo ( p p :Dp\ T U. 

Note that p is one of the variants of the canonical extension. Indeed, regarding 
iV C M by U = A V (T), we see that p = p\ N . 

Lemma 6.1. For any p G Endo(M), mod(p) = id. 

Proof. Since o%£ = Ad U. We can take a positive operator h affiliated with 
such that U = h lT . We set ip := ^-i, whose modular automorphism has the 
period T. Note that E^ofyp — tppoEg — (p p oE e because 4>p\m = (ftp (see Theorem 
16.31 (2)). Then we can compute [Dtp o cp p ; Dtp] T as follows: 

[Dtp o (f) p : Dtp] T = [Dtp o cp p : Dip o <p p } T [D<p o cp p : D0] T [Dip : Dtp] T 
= p{[Dtp : D0\ T )[D0 o cp p : Dp] T [Dp : Dtp] T 
= p(U*)[Dp o <p p o E e : Dp o £ fl ] T f7 
= p(U*)[Dip o p : Zty] T C/ = rf(p)-' iT . 
By [in Theorem 2.8] d(p) = d(p), so the above equality means mod(p) = id. □ 

We denote by End^AQ the set of endomorphisms with finite indices on A^ which 
commute with 9, and by Ker(mod) the set of endomorphisms with finite indices 
in End(AQcT with trivial Connes-Takesaki modules. Note that p G Endg(A^) 
for all p G Endo(A^). We will analyze the relative commutant p(N)' D N, which 
admits the torus action 9. Define the following linear space for each n G Z: 

I n := {a G p(A0' fl A^ | 9 t (a) = e^ nt a for all t G T}. 

Lemma 6.2. For each jigZ, one has I n = U~ n (p, cr^ T p). 

Proof. Take a G /„. Then 9 t {U n a) = U n a for t G T, and b := U n a G M. We 
check b G (p, cr^ T p) as follows: for x G M, 

bp(x) = U n p{x)a = U n p{x)U n *U n a = a% T (p(x))b. 
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Hence I n C U~ n (p,a^ T p). 

Next we show the converse inclusion. Set a unitary u := d(p) lT [Dip o (p p : dip] T . 
Take b G (p, cr^ T p). By direct computation, we see that £7~ n 6 G /„ if and only if 
b = a^ T {u)aj,{b)u* holds. Consider the map p: (p,cr^ T p) 3 i — > a^ T {u)aj,{b)u* G 
(p,<j^ T p). Then p is a well-defined unitary, here the inner product is given by 
(a, b) = 4> p (b*a) for a, 6 G (p, cr^p). Hence it suffices to prove that p is actually an 
identity map. Since (p, c^ T p) is finite dimensional, it is spanned by eigenvectors 
of p. Let b be an eigenvector p(6) = e^~^ s b for some s G [0, 27r). We claim that 
U~ n b G (6_ s p,p). For a; G M, we have the following. 

U- n b6^ s {p{x)) = U- n al T (p(x))b = p{x)U- n b = p{x)U~ n b. 

We also have the following. 

U- n bL s (p(U)) = U- n bL s (uU) = U- n b ■ e^~ ls uU = U- n p(b)uU 

= uU- n a*(b)U = uU l - n b = p(U)U- n b. 

Thus we have verified the claim. By the Frobenius reciprocity, dim(6L s p, p) = 
dim(#_ s , pp), and hence pp contains 6L S as an irreducible component. However 
by the previous lemma, p has trivial Connes-Takesaki module, and mod(6L s ) = 
mod(pp) = id. This is possible only if s = 0. Therefore p = id. □ 

Theorem 6.3. Let p G End (M). Then one has the following: 

(1) p is irreducible if and only if p is irreducible. In this case, the inclusion 
p(M) C N is irreducible; 

(2) The standard left inverse (pp is given by: 

<f) p (xU n ) = d(p)- inT (j) p (x[Dip o (j) p : Dip}* nT )U n for allxeM,ne Z; 

(3) The extension : is a bijection from Endo(M) onto Endg(iV) fl Ker(mod); 

(4) p G Cnd(iV) if and only if p G Cnd(M). 

Proof. (1) If p is irreducible, then I = C, and (p, p) = C follows from the previous 
lemma. Conversely if p is irreducible, then pp contains no nontrivial modular 
automorphisms because the T-set T(M) is trivial. This means (p, p) = C, and 
(cr^ T p, p) = for n ^ 0. Hence Iq = C, and /„ = for n ^ 0. Since p(N)' fl iV is 
densely spanned by {I n }nez, P is irreducible. 

We prove the latter statement in (I). Take x G p(M)' fl iV and let x = 
Ylm£_z x nU n be the formal decomposition. Then for each n G Z, x n G (p,a^ T p). 
From the above argument, xq G C and x n = for n ^ 0. Hence p(M)' (1 N = C 

(2) By [I~9j Lemma 3.5], the map <j)p is well-defined. By [TTj Theorem 2.8], p<f)p 
is the minimal conditional expectation, and it follows that (pp is standard. 

(3) Let ip be a periodic weight constructed as in the proof of Lemma 16.11 By 
Lemma 16.1 1 we see that p G End^iV) fl Ker(mod). So, the given map is well- 
defined. We show that the map is a bijection. Clearly it is injective, and it suffices 
to show the surjectivity. Let a G Endj^iV) fl Ker(mod). Since mod(cr) = id, we 
have d(o-y T [Dip o (f> a : Dip]? = 1. This is equivalent to 

a(U) = d(o-y T [Dip o <p a \ M : Dip] T U. (6.1) 
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Set p = <j\m- The action 9 of T on cr(N) is dominant, and d(o~) = d(p) follows 
from [ITj Theorem 2.8 (2)]. In the proof of [TT[ Theorem 2.8 (2)], it is also shown 
that u o (j) a \ M is the minimal expectation from M onto p(M). Hence cj) p = <Po-\m- 

Then the equality (16. ip yields a = ct\m- 

(4) Let p G Cnd(M). We may and do assume that p is irreducible. Then by [T9| 

Theorem 4.12], there exists £ G R such that [p] = [erf]. Then [p] = [af] = [erf], 
and p G Cnd(iV). 

Conversely we assume that p G Cnd(iV). Thanks to (1), we may and do assume 
that p is irreducible. By [T9| Theorem 4.12], there exist £ G R and u G U(N) 
such that p = Adu o erf . Considering the formal decomposition of u, we see 
that (af T+t , p) ^ for some n G Z. Since p is irreducible by (1), this means 
[p] = K T+ J,and P GCnd(M). □ 

Let K be a finite dimensional Hilbert space. Following the procedure in- 
troduced in £0 we define the canonical extension f3 G Mor(iV, iV ® B(K)) for 
(3 G Mor (M, M ® B{K)) by 

^(x) = /3(a;) for all a; G M; 

^(f/) = d(p) iT [D(p o& :D V ® Tr K ] T {U ® 1). 

By Mor^iV, N ®B(K)), we denote the set of homomorphisms in Moro(iV, N ® 
B(K)) commuting with 9. The following is a direct consequence of the previous 
theorem. The fourth statement follows from the third one and Theorem 17.61 

Lemma 6.4. Let K be a finite dimensional Hilbert space. Then one has the 
following: 

(1) Let (3 G Mor (M, M ® B(K)). Then p is irreducible if and only if (3 is 
irreducible. In this case, the inclusion f3(M) ciV® B(K) is irreducible; 

(2) Let (3 G Mor (M,M ® B(K)). Then d(]3) = d{(3) and the standard left 
inverse $^ is given by the following equality: for x G M <S> B(K) and 
n G Z, 

<5>P(x(U n ® 1)) = d(P)~ inT $P(x[D(p ® Tr^ : o $^ r )f/ n ; 

(3) T/ie extension ~ is a bijection from Mor (M, M®B(K)) onto Mor^iV, N® 
B{K)) nKer(mod); ' _ 

(4) Let (3 G Mor (M, M®B{K)). If d((3) = dim(K), then (3 G M(N, N ® 

(5) Let_{3 G Mor (M, M®B{K)). Then (3 G Cnt(M, M <g> B(K)) if and only 
if(3e Cnt(N,N ® B(K)). 

6.2. Reduction to the classification of actions on Jl\ 

Let a a centrally free cocycle action of G on M = 3?oo. Then a is automatically 
approximately inner from Corollary 17.71 For each it G Irr(G), we consider the 
canonical extension a n G Mor (N, N ® B(K)) as before. Then 57 is a cocycle 
action on iV with the same 2-cocycle. 
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Proposition 6.5. Let a be a centrally free cocycle action ofG on M. Then a is 
an approximately inner and centrally free cocycle action of & on N . 

Proof. For each ir G Irr(G) \ {1}, a n is approximately inner and centrally non- 
trivial by Lemma 16.41 (4) and (5). Since a n is properly outer, a n is irreducible 
[T8| Lemma 2.8]. Hence so is a n by Lemma l6~!4l (1). Then by [HI Lemma 8.3], a n 
is properly centrally non-trivial. Thus the cocycle action a is centrally free. □ 



Our main theorem of this section is the following: 

Theorem 6.6. Let a be a centrally free action ofG on M. Then the GxT- action 
a9 on N is cocycle conjugate to 6 ® aS°\ where is a free action ofG on CRq ■ 



• Proof of Theorem 2.4 for Jl^. 

Since the natural extension of a to iV x e T is cocycle conjugate to a by Take- 
saki duality, we see that Theorem 16. 61 implies Theorem 12.41 considering the partial 
crossed product by as before. □ 

The rest of this section is devoted to show Theorem 16.61 The essential part 
of our proof is the model action splitting result Proposition 16.101 The following 
lemma shows that the canonical extension well behaves to cocycle perturbations. 

Lemma 6.7. Fori = 1,2, let M i be a type factor, ip 1 G W(M i ) and (a i ,u i ) 
be a cocycle action ofG on M l . We set N l := M % x v i Z and the dual action 6 l : = 

<7y . Ifip^iU 1 ) is cocycle conjugate to (a 2 ,u 2 ), then there exists an isomorphism 
^: N^-^N 2 and a unitary v G M 2 ® L°°(G) such that 

• m o 01 = 02 o m for all t G T; 

• <g> id) o a 1 o = Adv oa 2 ; 

• (* (g) id® id) (it 1 ) = (v ® l)a 2 (v)u 2 (id(g)A)(v*). 

In particular, the G x T-cocycle action a 1 1 is cocycle conjugate to a 2 8 2 . 

Proof. Since (a 1 ,^ 1 ) ~ (a 2 ,u 2 ), there exists an isomorphism \l/o : M 1 — > M 2 and 

v G M 2 (g) L°°(G) such that 

• ($ ® id) o a 1 o v|/- 1 = Adv o a 2 ; 

• (^o ® id(g)id)(u 1 ) = (v ® l)a 2 (v)w 2 (id<g>A)(y). 

We set ip 2 := y? 1 o vI/q 1 g W-^M 2 ). Then there exists an isomorphism N 1 — > 
M 2 x^ 2 Z such that ^(a;^ 1 ) = ty (x)U^ ' , where f^ 1 and are the imple- 
menting unitaries for cr|! and cr^ , respectively. Then \1/ intertwines the dual 
actions. Regard M 2 x ^2 Z = iV 2 in the core M 2 . It suffices to show the second 

equality holds on the implementing unitary U^ 2 . This is checked as follows: for 
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7r G Irr(G), we have 

(^®id)o«i o^- 1 ^ 2 ) 

= (¥®id)(a£(E7^)) 

= (* ® id)([iV o $f : Dip 1 ® tr 7r ] T (C/^ 1 ® 1)) 

= [Dp 1 o $f o (tf- 1 (gi id) : Dip 1 o ^ 1 ® tr,] r (^ 2 <g> 1) 

= [D'0 2 o$ o $f o 1 <g> id) : Dip 2 ® tr w ] T (L^ 2 ® 1) 

= [D</> 2 o ^o^idjoaio*- 1 . ^2 tr ^ r ( f/ ^ 2 g, !) 

= [D</> 2 o $Ad W . ^2 tr J T (^ 2 <g> 1) 

= [D^ 2 o $f o Ad< : D^ 2 ® tr^r^" ® 1) 

= ^4°*" 2 (<) [D^ 2 o $f : ^ ® tr.] T (^ 2 ® 1) 
= v w [Dip 2 o $f : D</> 2 ® trJ T of ® tr *«)(C/^ ® 1) 
= ^[Ity 2 o $f : D^ 2 ® tr 7r ] T (^ 2 ® 1)< 
= AdB,o5 a ([^). 

□ 

The following lemma is an equivariant version of [U Lemma 1.2]. Recall that 
is a free action of G on So. 

Lemma 6.8. One has the following: 

(1) Let 5 be an action of G on "Jl\ and 7 G Aut(&A) smc/i inai 

• 5 commutes with 7/ 

• Ji\ ^7 Z — 

• The natural extension 5 of 5 to Jl\ x 7 Z zs approximately inner and 
centrally free; 

• The G x T-action £7 is centrally free on Jix x 7 Z. 

Then G x TL-action £7 on CR A is cocycle conjugate to id^ A (g^ ) ® a^ ^ 
where 7^ an aperiodic automorphism on Ji . 

(2) Lei 5 6e an action of G on $a ; <wirf /3 an action ofT on H\ such that 

• 5 is approximately inner and centrally free; 

• 5 commutes with (3; 

• The G x T-action 5(3 is centrally free on H\; 

• £aX/5T = £a. 

Then the G x T-action 5(3 is cocycle conjugate to id^ A ® a ( - ^. 

Proo/. (1) Set i? := ft A which admits the G x Z-action 07. Let G -R x 7 Z be 
the unitary implementing 7. 

Step 1. We show that 7 is approximately inner and centrally free. 

This follows from jH Lemma 1.2]. Also see [2TI Lemma XVIII. 4. 18]. 
Step 2. We show that the G x Z-action #7 is approximately inner. 
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It is known that R and R x 7 Z have the common flow of weights [151 122] - 
Since 5 is approximately inner on i? x 7 Z, mod(<5) = mod(<5) = id. Hence 5 is 
approximately inner on R by Theorem I7.6[ and so is 8j. 
Step 3. We show that the G x Z-action £7 is centrally free. 

Fix a generalized trace ip on R. Note that our assumption of (1) is satisfied 
for any perturbed actions of 57. By Lemma 14. 131 we may and do assume that ip 
is invariant by £7. 

For each it G Irr(G), we set Q n := S^R)' PI (R x 7 Z ® B(H n )). We can show 
that Q,,- is finite dimensional in a similar way to the proof of Theorem 16.31 (1), 
where the freeness of 7 is crucial. Also we can show that Ad(jy <g> 1) ergodically 
acts on Q n , and the torus action 7 preserves Q n . Therefore, there exist atoms 
{Pi}iLi C Q-k such that Pi G R® B^H^), 7(^1) = Pi+\ for 1 < 2 < m — 1 and 

Q w = n (i2 ® B{H„)) =Cpi + --- + C Pm . (6.2) 

Take an isometry V 1 G N®B(H n ) such that ViV? = p X - Set V$ := (7^ ®id)(Vi) 
for 1 < i < m. Then we have ViV* = Pi. 

Now assume that 5 n y n is not properly centrally non-trivial on R for some 
7T G Irr(G) and n G Z. Set A := ^*^(7 n (-))^ for each i. Then fa G 
Mor {R,R® B{H n )) is irreducible and ^7" = E^i^A(-)^*- Th en fa is not 
properly centrally non-trivial for some i. We may and do assume i = 1. Since fa 
is irreducible, fa is centrally trivial [TH Lemma 8.3]. Then by Corollary 17.71 we 
see that fa = Ad u o <jf o for some u E U (R) and t G IL 

So we have 5 n ( , y n (x))ViU = V%uaf(x) for x <E R. Applying Y^ 1 to the both 
sides, we have 5- K {j n {y t ~ l {x)))Vi r )' L ~ 1 {u) = Vi r ) t ^ 1 {u)af Q {y t ~ l {x)) for x G R, where 
we have used the fact that 7 commutes with . By definition of fa, we obtain 
fa(f- l (x))f- l (u) = 7 i - 1 (w)aJ(7 i - 1 (x)), that is, fa = Ad7 i ~ 1 (w) 00%. Hence 
define the equivalent sectors. By (16. 2p . this is possible when m = 1, that 
is, 5 7T / y n is irreducible. Hence we may assume that 5 n / -f n = Ad u o af . 

Since ip is invariant under £7, u G i?^,, and 7(1*) = e^~^- so u for some So G K. 
We can check that 5^ o AdW™ = Adw o af o 7„ S0 holds on i? x 7 Z by direct 
computation. So 5 n j So is centrally trivial, and the assumption (1) yields n = 1 
and so = 0, and 7" = Adw o af Q . Then we get n = from central freeness of 7. 
Step 4. We use the classification result for actions on 

The G x Z-action £7 on 3l\ is an approximately inner and centrally free. So 
^7 is cocycle conjugate to id^ Cg^ ) ® by Theorem 12.41 for 

(2) Let N = 5l\ y\/3 T and j — fa Extend the action 5 to A/", which is also 
denoted by 5. Using the Takesaki duality [26], we see that all the assumptions 
of (1) are fulfilled. Then we get 8(3 ~ id^ A (gyW <8> Comparing the crossed 
products by (3 and 7' ', we obtain 5(3 ~ id^ A (gi^C ) (g) a^. □ 

Lemma 6.9. Lei M = CRqo, N = M x^Z as before, and a a centrally free action 
of G on M. T/ien £/ie G x T-action 6_ t (g) on N ® N is cocycle conjugate to 
id N (8>7(°) t ® a (0) . 
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Proof. We can identify (N ® N) ^e t ^e_ t T with (M <g> M) x^ 0(J | Z @J Lemma 
1 (b)]. Hence (JV ® AT) 

^9 t ®9-t T is a factor of type IIIa- By Proposition [6751 a 
is approximately inner and centrally free, hence so is id®o7. It is obvious that 
9-t ® &0t is a centrally free action. Then the previous lemma can be applied. □ 

Proposition 6.10. Let M , N, a, 9 be as above. Let fit be a product type action 

o/T on % = <S)Zi M a(C) given by f3 t = <S>Zi Ad ( J J^it forte R. Then 

a9 is cocycle conjugate to idx A ®j3 ® a.9. 

The proof of Proposition 16.101 will be presented in the sequel subsections. Here 
we prove Theorem 16.61 assuming Proposition 16.101 

• Proof of Theorem \6.6[ 

Note that (3 is a minimal action of T, hence is dual, and conjugate to 
Since 9^ t ® 9 t (resp. 9 t ) is cocycle conjugate to id^ A ®A (resp. 9 t ® (3 t ® id^ A ) by 
the theory of Connes [U Lemma 5] and Haagerup [9], we have 

a9 t ~ id^ A ®f3 t ® a9 t (by Proposition 16.101) 

~ 9 t ® 8- t ® 50 t 

~ t ® A ® id ft A <W 0) (by Lemma EHD 
~ 0i®a (o) . 

Hence d70 t is cocycle conjugate to 9 t (g> a^. Taking the crossed product by 9, we 
see that a is cocycle conjugate to id^ ®a^°\ □ 

Therefore the proof of Theorem 12.41 has been reduced to proving Proposition 
16.101 We will show that a9 ~ id^ A ®cl9 in Corollary 16.151 and a9 ~ (3 £g> a9 in 
Theorem I6.17[ and complete the proof of Proposition 16.101 

6.3. A-stability 

As an analogue of the property L' a in [T], we introduce the following notion. 

Definition 6.11. Let G be a discrete Kac algebra, P a factor, and a a cocycle 
action of G on P. For < A < 1, set a = We say that (P, a) satisfies the 
property L' a if we have the following: 

For any e > 0, any finite sets T <i Irr(G) and ^ <<= (P (g> B(H W ))* for n E J 7 , 
there exists a partial isometry w e P such that for ^ e n E J 7 , 

uu* + u*m = 1, u 2 = 0; 

||(u<8) 1) • -0 — AV» • (u <8> 1)|| <e; 

|| («® 1 -«*(«)) --0H <e; 

IIV • (w® 1 - <**(«)) || < e. 

Note that the property L' a is stable under perturbations of a cocycle action. 

Lemma 6.12. Let a be a centrally free cocycle action ofG on "Jl^. Then (3^oo, oc) 
has the property L' a , a = for any < A < 1. 
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Proof. Since M := is properly infinite, we may and do assume that a is an 
action. Take tt G Irr(G), and set tt' := d(ir)l © tt, a direct sum representation of 
G. Consider an inclusion cv(M) C M <g> B(H n >). We can identify M <g> B(H n >) 
with M 2 (M <g> and 



Then a n >(M) C M © B(H n i) is an inclusion of injective factors of type IIIx with 
the minimal index Ad(ir) 2 . The minimal expectation E n is given by 



For a fixed < A < 1, we construct the type IIL, factor iV := M x CT v Z C M, 
T = —2tt/ log A as before. The implementing unitary is denoted by U 9 = X V (T). 

Set 7 := o"^ where = a^} o E" 1 . Then 7 globally preserves the inclusion 
cv(M) CM®B(H W ,). 

Claim 1. We show that the inclusion ov(M) x 7 Z C (M <8> B(H w i)) x 7 Z is 
isomorphic to av(iV) CA^® B(H ir i). 

We identify (M®B(H n >)) x 7 Z with (M^B^H^)) x ^t^, Z in the core algebra 



Q of M®B{H„,). Then 

tv(M) x 7 Z = cv(M) V {A^'(T)}" 

= ov(M) V {[-Dy? : Dip®tv^] T X^'(T)}". 

The canonical isomorphism Q M ® B(H n r) satisfies \E r |M<g>.B(.H' /) = id and 
y(\<p&*«>(T)) = A^(T) ® 1. Hence 

#(A^'(T)) = [D</3 o : Dip <g> tr 7r /] T (A' /3 (T) © 1) = (X^ (T)) . 

Then we have #(ov(M)x 7 Z) =a^(N) and ty((M®B(H n ,)) x 7 Z) = N®B(H^). 

Claim 2. We show that the inclusion a n i(N) C N®B(H n i) is relatively A-stable. 

Since a is approximately inner and centrally free on N by Proposition 16.51 
a is cocycle conjugate to id^ A ®a by Theorem 12.41 for type IIIa case. Hence 
the inclusion a n >(N) C N ® B(H n /) is relatively A-stable in the sense that 
cv(iV) C N (B) B(H n >) = ft A <g> cv(iV) C (ft A © iV) <g> 5 

Claim 3. We show that 7 is an approximately inner automorphism on the 
subfactor a n >(M) C M ® B(H n i). 

By Corollary 13.261 we can choose {tf n }n C U(M) such that cx^ = lim Adu> n 



and [Dip o <i\ : Dp <g> ti n ]T = lim a w (w n )(w^ ® 1) for all tt G Irr(G). Since 





71- 



OO 



71- 



OO 



2(/? o a , o E 171 is nothing but a balanced functional 9? ® tr^ o $ 
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Thus 7 = lim Ad a n r(w n ), and 7 is approximately inner in a subfactor sense. 

n— >oo 

By the previous three claims, we can show that the inclusion a w ' (M) C M ® 
B(H n i) is relatively A-stable. Indeed, the proof is similar to that of pEJ Corollary 
II. 3]. (Also see [T7J Theorem 3.6].) Hence for any e > and any {^j}™ =1 C 
(M (8) B(H n '))*, there exists m G M such that m 2 = 0, mm* + u*u = 1 and 

||av(u) • tpi — A^i ■ av( n )ll < £, for all 1 < z < n. 

For t/> G (M ® B(H n ))*, define Vij G (M ® B(H n >))^ by ^(a) = vi a iden- 

tification of M <g> B(H n i) with M 2 (M <g> B(H n )) and av(x) = diag(x ® ^(x)) 
for x G M. Assume we have chosen u so that 

||ov(w) • 4>ij — ■ a n '(u)\\ < e for all i,j = 1, 2. 
Then we obtain the following four inequalities. 

||(m ® ■ -0 - AV> • («® 1)|| < e, ||(m® 1) • V - AV> • II < e, 
|| ^(m) • ^ — A^ • (m ® 1)|| < e, ||a^(w) ■ ip — \ip ■ a^iv^W < e. 

It is easy to deduce that m satisfies the condition in Definition 16. Ill for ip. So far, 
we have considered a single element 71 G Irr(G). For a finite subset T <<= Irr(G), 
define II := ©^gjpTi"', and consider the similarly defined inclusion an(M) C 
M ® B(Hn). Then the same argument is applicable. □ 

Lemma 6.13. Let P be a properly infinite factor, H a finite dimensional Hilbert 
space, a G Mor (P, P ® B{H)) and $ m (P ® B{H)) jf a finite set of faithful 
states. Let < e < 1 and < A < 1. Assume that there exists 116P such that 
uu* + u*u = 1, u 2 = and /or a// </? G $, 

||(m® 1) - if- X(f • (m® 1)|| < Ae, ||<p • (m® 1) - A -1 (m® 1) ■ <p|| < Xe; 
||(m® 1 - a(u)) • y?|| < Ae, ||<p • (u ® 1 - a(u))|| < Ae. 

Then there exists a unitary v G P ® B{H) such that Adr o a = id on t/ie type 
subfactor {u}" and \\v — 1||* < 12-^e /or a// </? G 

Proof. In the following, we frequently use the inequalities \\x\\t < ||a?||||a; • (p\\, 
\\x ■ v^ll — vlMlll^llv Ffist we show uu* ® 1 and «(um*) are close as follows: 
|| (mm* ® 1 — a(uu*)) ■ cp\\ 

< || (MM* ® 1) • If - A _1 Q!(m) ■ p ■ (u ® 1))|| 

+ ||A _1 q;(m) • y? • (m* ® 1) — a(uu*) ■ ip\\ 
= || (mm* ® l)ip - A _1 (m ® 1) • if ■ (u* ® 1)|| 
+ ||A _1 (m ® 1) • <p ■ (u* ® 1) - A _1 a(u) • if ■ (u* ® 1))|| 
+ ||A~V • («* ® 1) - (m* ® 1) • <p\\ + || (m* ® 1)^ - • <P\\ < 
Since ||x|| 2 < ||a;</?|| ||x||, we have ||mm* ® 1 — o:(mm*)|| 2 < 8e. In the same way, we 
have ||m*m ® 1 — o:(u*m)|| 2 < 8e. Hence we have ||mm* ® 1 — a(uu*)\\* < 2y/2e 
and ||m*m ® 1 - «(m*m)||# < 2y/2e. 
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By [21 Lemma 1.1.4] and [201 Lemma 8.1.1], there exists a partial isometry 
w G P <g> B(H) with ww* = uu* <g> 1, m;*m; = a(uu*), \\w - uu* ® 1||# < 7\\uu* ® 

1 - for y? G Hence we have \\w - mm* <g> 1||* < 14v / 2e. 

Set f := (mm* (g> l)«;a(w*) + (u* <8> 1)to(m). It is standard to see Adt> o 
a(x) = x (g> 1 for x G {m}". We estimate ||(m — 1) • and ||^ • (v — 1)||. Since 

< v^||ac||J, and ||^|| < vWlMU we 

have 

\\{w — uu <8> 1) ■ <p\\ < \\w - uu* ® l|| v < \/2||w - mm* ® 1||# < 28Ve- 
Since ||[mm* <8> < 2e, we get 

|| ((mm* <8> l)u;a(uM*) — um* (8) 1) • <^|| 

< ||(m;q;(mm*) — mm* <8> 1) • </?|| 

< || (m;«(mm*) - m?(mm* <g> 1)) • (p\\ + || (m;(mm* <g> 1) - mm* ® 1) • <p|| 

< 4e + || (w - uu* ®l)[p, uu* <8> 1] || + || (w - uu* <8> 1) • tp ■ (uu* <g> 1) || 

< As + As + 28^ < 36^ 

and 

|| ((M* <8> l)M)tt(M) - M*M (8) 1) • V?|| 

< ||(mjq!(m) — U ® 1) ■ (p\\ 

< ||(«;a(w) -w(u® 1)) -tp\\ + ||( m>(m ® 1) — m <S> 1) • v^ll 

< £ + || (lW - MM* <g> l)(M<y9 - A(^m)|| + || (W - MM* <8> 1) • \tf ■ (u <8> 1)|| 

< £ + 2e + 28^ < 31>/e. 

Hence ||(m-1)-^|| < 36^ + 31^ = and || V -1||J< 134^ holds. 

Next we estimate \\cp • (v — 1)|| as follows: 

\\(p ■ ((uu* <8> 1)m;q!(mm*) — mm* ® 1)11 

< \\(p ■ (uu* ® 1) (wa(uu*) - uu* ® 1)|| 

< || [(p, uu* <g> 1] (m;«(mm*) - mm* (8) 1) || 

+ || (mm* ®l)-tp- (wa(uu*) - uu* <g> 1)|| 

< As + || (mm* (8) 1) • y> • (m;«(mm*) - mm* <g> 1)|| 

< As + \\(f ■ (w - a(uu*)) a(uu*) \\ + \\<p ■ ((uu* <8> l)a(W) - mm* ® 1) || 

< 4e + 28^ + ||y • (mm* (8) 1) (ck(mm*) - mm* <g> 1) || 

< 32^ + As + \\<p ■ (a(uu*) - uu* (8) 1) || 

< 32Ve + As + As < 40^ 
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and 

\\(f ■ ((u* ® l)wa(u) — u*u ® 1)|| 

< \\(ip ■ (u* ® 1) - A(V ® 1) • y>) • (to(ii) - u® 1)|| 
+ ||Aw°V • (wa(u) — u® 1)|| 

< 2e + \\(p ■ (wa(u) -u®i)\\ 

<2e + \\cp ■ (w - uu* <g> l)a(u)\\ + \\cp ■ ((uu* ® l)a(u) -u® 1)|| 
<2e + 28^/e + \\(p- {uu* ® 1) ■ (a(«) - w ® 1) || 

< 30^ + 4:6 + \\(p ■ (a(u) - u <g> 1) || < 35v^. 

Hence ||<£> ■ (v — 1)|| < 75-y/e, and ||i>* — < 150 y/e holds. This implies that 



v ~ l||f = |(lk - Mil + Ik* - 1||») < 142v^, and || v - 1||# < 12</i. □ 



Theorem 6.14. Lei a fte a centrally free action of G on T/ien a zs cocycle 
conjugate to id$_ x ®a /or a// < A < 1 . 

Proof. Set M := CRqo, e n := 16 _r \ Let {.Frj}^ be an increasing sequence of 
finite sets of Irr(G) with IJ^Li J~n — Irr(G). Let {ip n }^=i C (M*)+ be a countable 
dense subset such that -?/>i is a faithful state. For each k G N, we will construct 
a mutually commuting sequence of 2 x 2-matrix units {eij(/c)} 2 J=1 , and unitaries 

v k ,v k G M g) L°°(G) with the following five conditions: 



v n = v n v n ~ 1 ■■■v l \ 



Adv™ o a n (eij(k)) = eij(h) f^lir, i,j = 1,2, l<k<n, tt G T n \ 
K-l||£«tr <12^», vrG^ n ; 



l^l®tr,r 

l# 



HV'jfc ■ e ;j( n ) - A*~ J e i3 -(n) • V^H < 2e n , 1 < k < n. 

Since (M, a) has the property L' a for any 0<a<l/2by Lemma [6.121 we can 
choose u G M such that 

MM* + u*u = 1, m 2 = 0; 

|| (u ®1- oc^{u)) ■ (-01 <8> tr^) || < Aei, 7r G .Fx; 
|| (-01 ® tr 7r) • (w ® 1 - a^{u))\\ < \Ei, 71 G F\, 
\\u ■ ipi — \ipi • u\\ < A 2 £i. 

Then by Lemma 16.131 there exists a unitary v\ such that \v\ — 1 ||* 10tr7r < 12^fe{, 
n G T\, and Adt>* o a n (u) = u ® 1. We define v 1 , p G" in a similar way to 
the proof of Lemma 16.131 Set {en(l), eu(l), e2i(l), e22(l)} : = 
Note that ||[e#(l),^>i]|| < 2ei, so the first step is complete. 

Suppose we have done up to the n-th step. Set E n := Vfc=i({ e *j(^)}?j=i)"> 
a n+1 := Adv n o a, and M n+ \ := E' n fl M. Then is a centrally free cocycle 
action on M n+1 = ^R,^. Hence (M n+1 , a n+1 ) has the property L' a by Lemma 15. 121 
Let {wi\^L 1 be a basis for E 1 * with ||u^|| < 1, and decompose ipk = 'Yli&=i' w i®' l l ) kt- 
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Take u G M n+1 satisfying uu* + u*u = 1, u 2 = and the following conditions: 
for any ir G T n+ i, 

(u ® 1 - • (V>i ® tO || < Ae n+1 ; 

(if>i ® tr ff ) • (u ® 1 - || < Ae n+1 ; 

(u® l-< +1 (w))- ((Vi®tr ff )oAdO|| < Xe n+1 ; 
((^ ® tr ff ) o Ad«r) • (u ® 1 - < Ae n +i; 

((^®tr^)oAd<*) -A((f ®tr,)oAdfl -(m ®1)|| < A 2 e n+1 ; 
w ■ ipk£ — A^m • u|| < 4""A 2 e n+ i, 1 < fc < n + 1, 1 < I < 4 n . 

Here we have regarded and (ipi ® t r 7r) ° Adw™* as states on M n+1 and M„ +1 ® 
B(H n ), respectively. The last inequality yields \\u ■ ipk — Xipk • w|| < A 2 e n+ i, and 
in particular, ||(it ® 1) • {jpi ® tr) — A(^i <S> tr) • (w ® 1)|| < \ 2 e n+ i. By Lemma 
16.131 there exists a unitary t>™ +1 G M n+ i ® B(H n ) for 7r G .Fn+i such that 

Ad< +1 oa™(«) =W® 1, 7TGJF n+1 ; 

IK +1 - llljwr. < 7TG^ n+1 ; 

||W™ +1 — l||* i(gltr7r ) Adi}™* < 12^£ n+ i, 7T G -Fn+l- 

Set {e u (n + l),ei 2 (n + l),e 21 (n + l),e 22 (n + 1)} := {uu*, u, u*, u*u}. Then 
\\ipk ■ e i; /(n+l) - \ i ~ j e ij (n + 1) -^H < 2e n+ i holds for 1 < k < n + 1. Define v n+1 
by extending 7r G J^+i, as before. Thus we have finished the (n + l)-st 

step, and this completes our induction. 

Define := \/™ =1 {eij{k)}" d=h2 . Since ||VVi -eij(fc) - A^e^A;) -if; n \\ < oo 

for all n G N, is an injective factor of type IIIa, and we have the factorization 
M = Eoo V E'^ fl M = <g> E'^ fl M by [I], Theorem 1.3]. (Also see [27] Lemma 
XVIII. 4. 5].) Next we show the convergence of {v™}^^. If it G JF n , we have 

||-n+l -nil \\f„,n+l Ill 

\\ V TT ~ V tt llV-l^tiv — \\{ V n ~ i ) V n\\i»»tr 7T ~ \\V W ~ 1 || (^(gttr^oAd iJ£* 



< 12V2^7I 

and 

II ~~ IUl®tr x = ||(^" +1 — l)*IU®tr„ 



< 12V2^7I. 

Hence for each n G Irr(G), {v™}™ =1 is a Cauchy sequence in the strong* topology, 
and set v n := lim v™. Set v = (tv)^ G M ® L°°(G). By the choice of v™, 

n— >oo 

a' := Adw o a acts trivially on E^. Hence a' is a cocycle action on E'^ fl M 
with a 2-cocycle u = w (12) (a ® id)(u)(id®A)(i;*). Since E'^ n M is of type III, 
m is a coboundary by Lemma [3T2l Hence a is cocycle conjugate to id^ ®f3 for 
some action f3 of G on n M. Since ® E^ = E^ = R x , a ~ id Boo ®^ w 
i^Eao ® id^ ®/9 ~ id^ A ®a. □ 
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Corollary 6.15. Let M = R^, N = M x CT ^ Z, T = -2n/\og\ and 9 be as 

before. Let a be a centrally free action of G on Jloo. Then the G x T-action a9 
is cocycle conjugate to id^ A ®a9. 

Proof. This is immediate from Lemma 16.71 and Theorem 16.141 when we consider 
the state of the form ip x <8> ip on <g> M, where <p\ is a periodic state on □ 



6.4. Model action splitting 

Lemma 6.16. Let a be a centrally free cocycle action of G on M = Jl^. Then 
there exists a centralizing sequence of partial isometries {u n } n C N with u n u* n + 
u* n u n = 1, u\ = 0, 6 t (u n ) = e~J~^ t u n for all t G R and lim a{u n ) — u n <E> 1 = m 

£/ie a -strong* topology. 

Proof. Since M is properly infinite, a is cocycle conjugate to an action a'. Then 
a' ~ id^ A 0a' by Theorem 16.141 and ft a — <£> ^a, «' is cocycle conjugate to 
id^o <8>«' via an isomorphism 31q ® M = M. By Lemma 16.71 it suffices to show 
the statements for id^ ®a and N = (CR ® ^0 x^r®*, Z assuming that a is an 
action. We denote by U the implementing unitary. 

Let {v n }™ =1 C ft ®Gl C "Jlo®M be a centralizing sequence of partial isometries 
with v n v* n + v* n v n = 1, tff = 0, and (id % (8>o)(u„) = u n <8>l. Let {w n }£° =1 C C1®M 
as in Corollary 13.261 Set m„ := U*w n v* n for each n G N. Since [w n ,f n ] = and 
Uv n U* = o-T^ivn) = v n , we have u n u* n = v n v* n , u* n u n = v*v n G M, u n u* n +u* n u n = 
1 and u\ = 0. Since (U*w n ) n is centralizing, {u n }^ =1 is a centralizing sequence 
in N, and 6 t (u n ) = e^~^ t u n for all t G T. Take a faithful normal state r/> on 
A/" <8> B(H n ). Then we have 

HV- ((id®a ff )M -u n ® 1)|| 
= ■ (IT* <g> 1) ([Dy? o $ w : <g> tr^(id®cOK)« ® 1) - (w n < <g> 1))|| 
= • (U* <8> 1) ([Ztyo $„. : tr^ - (tw n (8) l)(id (8)00(0) II 

-> 

as n — > oo. In a similar way, we get lim ||((id(8 ) a 7r )(u n ) — u n <8> 1) -^H = 0. 
These implies that a n (u n ) — u n ® 1 converges to cr-strongly*. □ 

Theorem 6.17. Let M , N , 9 be as before. Let a be a centrally free action of 
G on M . Let (3 be the infinite tensor product type action of T on ft given in 
Proposition ^. 10\ Then the G x T-action a6 is cocycle conjugate to [3 ®a6. 

Proof. The proof is similar to that of Theorem 16. 141 Set e n := 16~ n . Let 
{ipn}^! C (M*)+ be a countable dense subset such that ip\ is a faithful state. 
For each k G N, we will construct a mutually commuting sequence of 2 x 2-matrix 

48 



units {&ij{k)}1j =1 C N, and unitaries v k ,v k G M ® B(H n ) with the following: 



• • • v 



Adv™ o a.T T {eij{k)) = eij(k) eg) 1 for all z, j = 1,2, 1 < k < n, 7r G >F n ; 

- l||^, 1( g)t^ < 12v^ for all 7r G J^„; 
Ik" _ l||( 1 / ) i®tr w )oAds«- 1 * < 12v^ for all n G Jk; 

t (eij(A;)) = Ad f J J^ t ] (e^/e)) for all t el, z, j = 1, 2, A; G N; 



HV'fc ■ ey(n) - ey(n) • < 2e n for all z, j = 1,2, 1 < < n. 

By Lemma I6.16[ there exists a partial isometry u G iV such that w 2 = 0, 
«m* + u*u = 1, t (ix) = e^ lt u, uu*, u*u G M and 



Since mm* (g) 1^, = a^-uw*) G M ® B(H n ), we can take w from M in 

the proof of Lemma \6. 131 Then constructed in Lemma \6. 131 is in M ® B(H n ), 
and we have 



Set {eii(l),e 12 (l),e 2 i(l),e 2 2(l)} := K«,m*,«,«m*}. Define G M ® L°°(G) 
by extending v^, ir G J 7 !, as before. Note that || [ejj(l), || < 2ei for i,j = 1,2. 
So the first step is complete. 

Set a 2 := Adv 1 oa, and iV 2 := {«}'flJV. Take w G M an isometry with to* = 
en(l). Set si := en(l)w and s 2 := e 2 i(l)u\ Then SjS* = e^l), #t(si) = si and 
#t(s 2 ) = e~**s 2 hold. Let p(x) := $^i=i s i^ s i • Then p is an isomorphism between 
N and iV 2 which intertwines 9. Then M 2 := iV| = p(M) is the injective factor 
of type IIIi, and 6 1 is the dual action for cr^ where (p' :— <p o g (M 2 )*. Since 
# commutes with a 2 because of v * G M eg) B(H n ), a 2 preserves M 2 . Note that 
v 1 a(w 1 )(id ®A)((w 1 )*), a 2-cocycle of a 2 is in iV 2 and fixed by 9, and it is indeed in 
M 2 . This means that a\u 2 is a cocycle action. Obviously we have Z(N) = Z(N 2 ). 
Hence a 2 has trivial Connes-Takesaki module, and a 2 is approximately inner. By 
Lemma 16.41 a 2 is the canonical extension of a 2 := c? 2 |m 2 - Since a is centrally 
free, a 2 is centrally free, and a 2 is centrally free on M 2 by Lemma [6.41 

Then we can apply Lemma 16.161 to M 2 , a 2 , and 9. The rest of the proof is 
same as that of Theorem 16.141 □ 



We discuss relations between the canonical extension of endomorphisms and 

homomorphisms. In this section, we do not assume the amenability of G. 
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\\{u ® 1 — a n (u)) ■ (ipi ® tx n ) || < Si for all n G T\\ 
IK^i <8> tr,r) • (u ® 1 — a w (tt))|| < Si for all tt G T\\ 

\\u • Ipi — Ipi • u\\ < E\. 




7. Appendix 



7.1. Canonical extension of homomorphisms 

Let M be a properly infinite factor and H a finite dimensional Hilbert space 
with dimiJ = n. Let M be the canonical core of M [7J Definition 2.5]. We 
denote by Tr# and tr# the non-normalized and the normalized traces on B(H), 
respectively. Then we can introduce an isomorphism between the inclusions M C 
M and M ® B(H) C M <g> as follows. Fix isometries {t>i}™ =1 C M with 

orthogonal ranges and Y2i=i = 1- Define cr G Mor(M (g) B(H), M) by 

n 

= v i x iJ v j- 

It is easy to see that a is an isomorphism with cr _1 (s) = Y^j=i v i%Vj ® Cy- The 
map a derives the following bijection: 

a*: Mor (M,M ® B{K)) ->End (M), a i-> a o a. 

We can check that d(oj) = d(cr o a) and the standard left inverse of p := a o a is 
given by P = $ a o a" 1 . Hence = P o = 5_)™j=i ( Pp( v i x ij v j) holds. 

Recall the topology on End (M) introduced in [191 Definition 2.1]. We also 
introduce a topology on Moro(M, M ® B(H)) similarly. 

Lemma 7.1. TTie map cr* is a homeomorphism. 

Proof. Take any <p G M*. Assume that a v —>■ a in Moro(M, M®B(H)) as f — ► oo, 
that is, we have the norm convergence 93 o — > 95 o $ a in (M g) B(H))*. Write 
p u = a*(a u ) and p = a* (a). Using p k = $ a " o a -1 and <p p = $ a o a -1 , we have 
the norm convergence <p o p „ — > <p o <p p , that is, p u — > p as f — > 00. Hence a* is 
continuous. Similarly we can prove that a^ 1 is continuous. □ 

Lemma 7.2. Lei (p be a faithful normal state on M. Then one has 

n 

[D<p of a :D^8)Tr] t = ^ v*[D<p o <^ (a) : Dp] t a£ (%) ® e 4i /or a// 1 G R. 

ij=l 

Proof. Set p := a* (a) and a unitary w t := X/i*?=i v * [Dip o p : Dip\ t af(vj) (g> e^. 
Then it t is a a^^-co cycle. We verify that Ut satisfies the relative modular 
condition. Let D := {z G C | < Im(z) < 1}, and 

A(D) := {/(z) I f(z) is analytic on D, bounded, continuous on D}. 
Take x, y G M ® B(H). By the relative modular condition for [D<p o <3> a : £)<p] t 
and ^)fc=i' i; A a 'W an d S&=i ^'^j) we can cnoose -^H 2 ) e <A(D) such that 

n 

^H*) = ^2 <-P°4>p {{D<p o 4> p : Dip} t o-?(v k x k e)yejV*) for all t G K 
i,fc=i 

and 

n 

F e (t + y/-L) = 2J V 5 (yij v *j[D<p> o P : Zty] t erf (v k x k i)) for all tel. 
i,fc=i 
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Set F(z) := J2e = i F t {z) G A(D). Then we have 

n 

ip o ^{u t at^{x)y) = j> o 0, [v i {u t ar Tl {x)y) ij vi) 

n 

= ^2 V 0( Pp (viUukvf(xke)yejV*) 

i,j,k,i=l 
n 

= ^ i P 0( P P (vitf [D^ o <p p : D(p} t crf(v k )af(x ke )yejV*) 

i,j,k,£=l 
n 

= v 9 ° 0p ([-^V ° 0p : D(p] t af(v k x k e)ye j v* j ) 
j,k,e=i 

= F(t), 

and 

(^^Ti)(yu t af^ Tr (x)) = "^2^ (iyutaf^ Tl (x))u^ = <f (VijUt^f ( x m)) 

1=1 ' j,k,£=l 

n 

= ^2 V {yejV*[Dip o <j) p : £V] t of (vjfe)a-f (x M )) 
j,k,e=i 

= F(t + V=l). 

This shows that ttf satisfies the relative modular condition. □ 

Let ~: End(M) ^End(M) be the canonical extension [12l Theorem 2.4]. We 
define the map ~: Mor (M, M <g> 5 (AT)) ^Mor(M, M <g> B(K)) by 

5 = a - 1 o £"00 for all a G Mor (M, M ® B(K)). 

In fact, 5 does not depend on a as follows. 

Theorem 7.3. One has the following: 

(1) a(x) = a(x) for all x G M; 

(2) a(\r(t)) = d{a) u [DLp o$ a : D V ® Tr K ] t (\*(t) <g> 1) /or a// i G R. 
Proof Set p := a* (a). Then by definition, we have 

p(x) = p(x) for all x G M, 

p(X v (t)) = d{p) a [Dip o <j) p : Z?</?] t A v (i) for all t G R. 
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Since o 1 o p = a, (1) follows. On (2), we have 

n 

k,e=i 

n 

= 22 d{p) ltv l[ Dl P ° 0p : D(p] t X v (t)v e (g e fcf 

n 

= ^ <f(pf K[D<p o p : D<p} t crf(v £ ) <g> e M )(A^) ® 1) 
fc,€=i 

= d(a) ft [IV o $ Q : D<p ® Tr^] 4 (A v (t) <g> 1). (by Lemma E2J 

□ 

We say that a G Mor (M, M®B(K)) is inner if there exists a unitary Z7 G M® 
5(lT) such that a = U(-®1)U*. Denote by Int(M, M®B(K)) } Int(M, M®B{K)) 
and Cnt(M, M ® B(K)) the set of the inner homomorphisms, the approximately 
inner homomorphisms and the centrally trivial homomorphisms in Moro(M, M® 
B(K)), respectively. (See Definition 12.11 ) Then we have the following bijective 
correspondence. See [12] for the notations used here. 

Lemma 7.4. The bijection o* : Mor (M, M ® B(K)) ^End (M) yields the fol- 
lowing bijective maps: 

(1) a, : Int(M, M ® B{K)) Int dimW (M) ; 

(2) a*: Int(M,M®B{K))^Int dim{K) (M); 

(3) o-*: Cnt(M, M ® B(AT)) ->Cnd(M). 

Proof. (1) Assume that a = AdC/(- ® 1) for some unitary Z7 G M ® B(K). Set 
p := cr*(a;) and a Hilbert space CK C M which is spanned by := Y^i=i v iUik, 
k — 1, . . . , n. Then for x G M, we have 

rt 

p(x) = o-(a(x)) = a(*7(x ® 1)17*) = Y a ( U ikxU* k ® e^) 

«,j',A;=l 

n n 

= ^ ViU ik xU* k v* = y^ y w k xwl = p<h{x). 

i,j,k=l fc=l 

Hence p = p<K G Intdi m (x)(-^0- Conversely if we have p = p<K with dim!K = n, 
then setting U ik := for some orthonormal basis {u>fc}'£ =1 C IK, we have 

o-- 1 op = AdC/(- ® 1). 

(2) This follows from (1) and Lemma [7.11 

(3) Assume that a G Cnt(M, M ® B(K)). Set p := cr*(a). Take an de- 
centralizing sequence (x") v in M. Then a(x^) — x u —>■ strongly* as ^ — > 
Hence p{x v ) — o(x v ® 1) — > 0. Since a(x iy ® 1) = X/Ij=i v i xl>v t-i we see that 
p(x^) — x 1 ' — > 0, that is, p G Cnd(M). The converse can be proved similarly. □ 

We define the following set: 

Mor CT (M, M ® B{K)) = {a G Mor (M, M ® £(#)) | <r*(a) G End(M) CT }- 
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The following lemma shows that this set does not depend on a. 

Lemma 7.5. Let a G Moro(M, M ® B(K)). Then the following are equivalent: 

(1) a G Mor CT (M, M <g> B(K)); 

(2) There exists 7 G hut e (Z(M)) such that a(z) = y(z)®l for all z G Z(M). 

Proof. Assume that a G Moi C t(M,M <g> B(K)). Set p := a* (a). Then p has 
Connes-Takesaki module mod(p). By definition, a~ x {z) = z (8)1 for z G Z(M). 
For 2; G Z(M), we have 

5(z) = a _1 (p(2)) = o- _1 (mod(p)(2)) = mod(p)(z) ® 1. 

Conversely, assume that such 7 exists. Then we have 

= a(a(z)) = a{y(z) ® 1) = 7(2). 

Hence p has the Connes-Takesaki module 7, that is, a G Mor CT (M, M eg) B(K)). 

□ 

In this situation, we say that a has the Connes-Takesaki module mod(a) := 7. 

Theorem 7.6. Let M be a properly infinite injective factor. Then one has the 
following: 

(1) a G Int(M, M (g> B(K)) 

a e Mor CT (M, M <g> wit/i mod(a) = 0i og (dim(2r)/d(cO); 

(2) a G Cnt(M, M ® B(K)) 

There exists a unitary U G M rf ( Q ,) idim ( ft: )(M) suc/i i/iai 5 = U(- <8> 1)U*. 

Proof. This follows from [HI Theorem 3.15, 4.12]. Note that if a G Cnt(M, M g> 
then d(a) is integer [121 Theorem 3.3 (5)]. □ 

We obtain the following corollary. 

Corollary 7.7. The following statements hold: 

(1) If M = #o,i ; tfien 

• a G Et(M,M® £(iT» 

^ t o $° = r 8 tr^, where t is a trace on M; 

• a G Cnt(M, M ® B(K)) 

<^> i/iere exzst nGN and a unitary U G M £g> Mdi m (i<-) jn (C) swe/i £/iat 

a(x) = U(x <g> l)U* for all x G M. 

(2) J/M = % x with < A < 1, then 

• a G rnt(M,M® 

[Dcp o $ Q : D<p (gi tr^jy = 1, where if is a generalized trace on M 
and T = —2ir/ log A; 

• a G Cnt(M,M<g> S(iT)) 

<^ there exist n G N, a unitary U G M <8> M dim ( K ^ n (C) and {sj}™ =1 C 
M such that 

a(x) = U diag« (x), . . . , a£»)CT /or all x G M. 
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(3) If M = ft^ then 

• Et(M, M <g> B(K)) = Mor (M, M ® B(K)); 

• a G Cnt(M,M®B(K)) 

<^> there exist n eN, a unitary U G M ® M dim (#) in (C) and {sj}™ =1 C 
M stzca iaai 

a(x) = £/ diag(af l (re), ... , a£ (z))[/* /or all x G M. 

7.2. Canonical extension of cocycle actions 

We discuss canonical extension of cocycle actions. Let (a, u) be a cocycle action 
of G on a factor M. For 7r G Irr(G), we define the left inverse $° for 0% by 

$%{x) = (l® Tl n )ut w (a w ® id) (x)u %w (l ® r W)7r ) for all x G M ® S(^), 

where T^ )7r is an isometry intertwining 1 and W ® 7r [TH p. 491]. Then a n o is a 
faithful normal conditional expectation from M®B(H n ) onto a^M). Set d(7r) : = 
dim(iif 7r ). Recall the diagonal operator a G M £g> L°°(G) of u O Definition 5.5]: 

(a <g> 1)(1 ® A(ei)) = w(l ® A(ei)). 

Lemma 7.8. One has Ind(a 7r o $") = d(7r) 2 /or all n G Irr(G). 

Proof. Set -E,,- := a w o and d(7r) = dimif,,-. Let {e^.}^^ be a system of 

matrix units of B(H n ). We show that {<i(7r) 1 / 2 (l ® e vrij )a*}f ) ^ 1 is a quasi basis 
for E w [281 Definition 1.2.2]. For any y G M and 1 < fc, £ < d(-7r), we have 

= 5 ik (l ® r| 7r )i4 )7r a^(a 7r )(a; r (y) ® e^)i% )7r (l ® T W)7r ) 

= <? ifc (l ® 2^) (at® 1)^(0^) (a^j/) ® e 7r .J(a r ® 1)(1 ® T %% ) 

= 8 ih (l®T*^){a w {y)a w ®e 7r . t )^-®T %% ) (by [13 Lemma 5.6(1)]) 

= d^y^ik (a w (y)a w )- ( . 

Using this equality, we have 

d(n) 

^2 d(vr)(l ® e 7rij )a;E 7r (a 7r (l ® e^.J^ ® e M )) 

rf(7r) d(7r) 

= <J ifc (l ® e^» w ((a^(w)a 7f )- J = J^(l ® e^)a> w ( (a^(w)a^)-^ ) 

i,j=l j=l 

d(TT) 

= ^(1 ® e w J(l ® 4. ® 4,)« ® lK(a r (y)a r )(l ® 1 ® e^) 
i=i 

= ® e w J(l ® ® e* i X i7f Q! 7r (Q; r (2/)a r )(l ® 1 ® e w J 

i=i 
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d(7T) 

= J^i 1 ® £ ^)(l ® ® 4 J )(id®A)(«(t/))<^(a^)(l <g> 1 ® e w J 
i=i 

d(7T) 

= ® e Wfc )(l ® 4, ® 4 3 X,^(^)(1 ® 1 ® e w J 

d(TT) 

= J2( y ® e ' r *)( 1 ® ^ ® 4 3 )« ® l)a ff (ar)(l ® 1 ® e w J 
i=i 

d(7T) 

= ® ® £ ^ ® 4^(1 ® 1 ® ^) = v ® <w 

Hence {c?(7r) 1//2 (l ® e^a* j^ 7 ^ is a quasi basis for E n , and we have 

d(7T) 

Ind(^) = ^^(l ® e^.X • d^f^l ® e y 

= d(7r) 2 (id®tr^)«a 7r ) = d(vr) 2 . (by [U Lemma 5.6(2)]) 

□ 

Definition 7.9. We say that a cocycle action a £ Mor(M, M <g> L°°(G)) is stan- 
(iarc? when the left inverse is standard for each 7r £ Irr(G). 

Proposition 7.10. Let a £ Mor(M, M Cg> L°°(G)) be a cocycle action. Then the 
following hold: 

(1) If a is cocycle conjugate to a standard cocycle action (3 £ Mor(M 2 , M 2 ® 
L°°(G)), then a is standard. 

(2) If a is free, then a is standard; 

(3) If G is amenable, then a is standard. 

Proof. (1) Let n £ Irr(G). Since the inclusion l3 n (M 2 ) C M 2 <g> B(H n ) is isomor- 
phic to a^M) C M<^B(H n ), [M®B{H^) : a^(M)] = [/3,(M 2 ) : M 2 ®B{H^ = 
d{n) 2 . Hence a is standard. 

(2) For any tt £ Irr(G), the expectation a n o is minimal because of the 
irreducibility of the inclusion a n (M) C M <S> B^H^) [13, Lemma 2.8]. Hence a is 
standard. 

(3) Since \B(l 2 ) ® M ® B(H^) : 5(4) ® a ff (M)] = [M®B{H n ) : o^(M)] , we 
may and do assume that M is properly infinite by considering id®a. Then a is 
cocycle conjugate to an action j3 on M by Lemma [3T2l By (1), it suffices to show 
that f3 is standard. We check E^ 1 = d(-n) 2 E n on Q„ := p v {M)' n (M ® B(H W )) 
to use [TDJ, Theorem 1(2)]. Take x £ Q^. Then by [28, p. 62 Remark], we have 

d(ir) 

E-\x) = d{<K) 1/2 {l ® e^.)xrf(7r) 1 / 2 (l ® e* n ..) = d(n) 2 ((id® tr v )(x) ® 1). 
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So, E v is minimal if and only if the following holds: 

(idOtr^Xz) = $P(x) G C. (7.1) 

If we can find a /3-invariant state if) G M*, the proof is finished. Indeed, applying 
if) to we have 

V($£(aO) = (g) id®id)(/3 r (;r))7~ 7r = 2| >ff (l T ® (V <g> id)(x))T W)7r 

= (if)<8 tr n )(x) 

Hence ( 17. ip holds. Such a state ^ is constructed by using an invariant mean 
m G L°°(G)*. Take a state ip on M a and set ip := m((p ® id)(/3(x))). Then we 
have (-0 £g> id)(/5(a;)) = for all x G M, that is, if) is invariant under /3. □ 

Problem 7.11. Is any cocycle action of G on a factor standard? 

Let a G Mor(M, M <g> L°°(G)) be a standard cocycle action with a 2-cocycle 
u. Now for 7r G Irr(G), we consider the canonical extension a n G Mor(M, M <g> 
B(H V )). Collecting (5 ff ) w , we obtain a map 5 G Mor(M, M ® L°°(G)), which is 
called the canonical extension of the action a. We have the following equalities: 

a n (x) = a n (x) for all x G M; 

a^{t)) = [Dip o $° : Dip <g> tr^(A v (i) ® 1) for all t G K, ip G W(Af). 

The following two results even for actions of general Kac algebras are obtained 
in [29], where operator valued weight theory is fully used, but we can directly 
prove them for the discrete G. We present their proofs for readers' convenience. 

Take ip G W{M). For t G R, we define w t = (tw tjff ) w G U(M <g> L°°(G)) by 

«V = [^°$" : Dp (gtr^]*. 
Lemma 7.12. TTie unitary Wt satisfies the following: 

(w t ® l)a(^)w(id®A)(w t *) = (erf ® id)(u). 

Proof. By the chain rule of Connes' cocycles, we may and do assume that ip is a 
state. Let vr,p G Irr(G). Using the isomorphism a" 1 : av(M) — »M, we have 

a*K, p ) = [Dp o $° o (a; 1 ® id) : Dp ° c^ 1 ® tr p £. 

Since E w := «„- o $° : M ® B(H W ) ^a n (M) is a conditional expectation, we have 

M^p) = [Dp o $° o (a; 1 (8) id) o (E n <g> id) : Dp o a; 1 o£,® tr p ]* 

= [Dp o $° o ($« ® id) : Dp o $° <g> tr p ]* 

= [Dp o $° ® tr p : Dp o o ($« <g> id)] t . 

Then we have 

= ([Dp ® tr, : Dp o $°] t ® l p )[Dp o ® tr p :^o$% ($« <g> id)] t 

= [Dp ® tr w ® tr p : Dp o $^ <g> tr p ] t [Dp o $° <g> tr p : Dp o o ($« <g> id)] t 

= [Dp ® tr w ® tr p : Dp o $° o ($° <g> id)] t . 
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Applying (af <g> id eg) id) (w* „) and to the both sides, we have 

(of <g> id(g)id)« p )(wt i7r ® l p )a^(tu ti/ ,)u Ti p 
= (of <g>id<g>id)« >p K iP 

• [Zty <g> tr ff ® tr p o Ad u WiP : ^o$*o($*®id)o Ad t^J* 
= [Dy? ® tr* ® tr p : Dip o o ($« ® id) o Ad u^. (7.2) 

Recall the following formula [HI Lemma 2.5]: for X G M <g> S(^) <g> B(H P ), 

o ($« ® id)K, p x< p ) = £ £ ^L^i ® 5 * )x(1 ® 

Hence for S 1 G ONB(<r, n ■ p), we have 

® id)K, p (l ® 55*)X< P )) = ® <?*)*(! (8 5)) 

= $;(($>id)M(i®^x P ))- 

In particular, 1®$$* is in the centralizer of ipo $ p o <S>id) o Adu^p. Trivially, 
it is also in the centralizer of </? ® tr^ ® tr p . Hence we see that the both sides of 
(17. 2p commutes with 1 £g> SS*, and we have 

(Q = Yl Yl [Dp^ir*® tr p : Dp o $ p o ($« ® id)] t (l ® 55*) 

o-^tt-p 5eONB(cr,7r-p) 

= ^ ^ [_D(y?® tr^tr^i^ss* 

o-^Tr-p 5gONB(<r,7r-p) 

: L>(^> o o ® id) o Adti^)^]*, (7.3) 

where the last cocycles are evaluated in [M ® B(H n ) ® B(H p )j sgm . 

Let 6 5 : -> (B(H n )®B(H p )) ggm be the isomorph ism defined by ®s( x ) = 

SxS* for x G B(H a ). Using 

(tr ' 0tr ' ) "- = 5^fe* r '° esl 



o o (*; ® id) o Ad u,,„) mss . = ^-4= o *« o (id »e^'), 



C?((7 

we have 

dn = Yl ^ ® tr - ° e 5 1 : D ^ ° $ - ° ( id ® 5 1 )]* 

o-^T-p5eONB(cr,7r-p) 

= 5Z (id®e s )([Dp®tr ff :£tyo$£] t ) 

= X) X (id®A)(t« t )(l ® 55*) = (id (g^A,) («;*). 

o-^7T-pSeONB(cr,7r-p) 

57 



Thus we get 

(of <g> id® id)« p )(u^ <g> 1 p )M^,p)^,p = (id £vA p )(w t ). 

□ 

Theorem 7.13. Let (a,u) be a standard cocycle action of G on a factor M. 
Then the canonical extension (a,u) is a cocycle action on M. 

Proof. We will check (5 (g> id) o 5 = Ad u o (id ® A) o 5. We have a = a on M, and 
that is trivial. For t el, ct(A v (r)) = u> t *(A v (t) <g> 1). The previous lemma yields 

(5 <g> id)(5(A v (t))) = (5 <g> id)«(A v (*) <g> 1)) 

= (a ® id)K)K <g> l)(A v (r) <g> 1 (8) 1) 

= w(id®A)(w*)(of <g> id(8)id)(u*)(A*'(t) <g> 1 <g> 1) 

= w(id®A)(5(A v (r)))w*. 

□ 

Lemma 7.14. Lei (a, w) fre a standard cocycle action ofG on M. The canonical 
trace t on M is invariant under a, that is, r o = r ® tr^ /or a// 7r G Irr(G). 

Proof. Let y? G W(M). Take a positive operator ft, affiliated in such that 
/i*' = A v (t). Then the canonical trace is given by r := y^-i, which does not 
depend on the choice of the weight ip. Let Tq : M — >M be the averaging operator 
valued weight for 0. Then p> — ip o Tg. Since 6 commutes with a, we have 

[Dpo^ : D<p®ti*] t = [Dipo<Z>«o(T e ®id) : DipoT e m^] t = [D<po$% : L^Otr^. 

This implies 

[Dr o^:Dt® tr w ] t 
= [Dr o : £>0 o $£] t [£>0 o $^ : D<£ <g> tr w ] t [£>0 <g) tr w : Dr <g) tr^ 
= ^(/T^Ity o : Dtp ® Xx % \ t {W l <g> 1) = 1. 

□ 

Since 5 commutes with 9, a extends to an action on M x« R. We call it the 
second canonical extension and denote that by a. 

Corollary 7.15. Let a G Mor(M, M® L°°(G)) be a standard action. The second 
canonical extension a is cocycle conjugate to ids(£ 2 ) ®a. 

Proof. Let ip be a faithful normal semifmite weight on M. We regard M = M ~x aV 
R. Define w(-) G U(L°°(M.)<S>M<S>L°°(G)) by w(t) = w_ t for tel. Then w is an 
id_B(L 2 (R)) ®a-cocycle. By Takesaki duality, there exists a canonical isomorphism 
M x 6 R = B(L 2 (R)) ® M intertwining the actions 5 and Ad w o (id □ 
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